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INTRODUCTION

The analysis of electromagnetic fields in uniform media reduces to the solution of the vector
Helmholtz equation. This equation is a vector partial differential equation of the form
V x V x A - k2A = 0, and generally leads to coupled equations for the field components, but it can
be separated in the spherical and cylindrical coordinate systems.1 For cylindrical coordinates,
detailed treatments can be found for localized sources in the presence of a layered cylinder,2 and
for localized sources outside a perfectly conducting wedge,3 as well as less detailed treatments of
the conducting wedge.4 5 In the present work, a detailed analysis is given for the electromagnetic
fields inside and outside a uniform sphere immersed in a uniform medium, in the presence of a
localized source either interior or exterior to the sphere.

The solution is given in terms of a vector spherical harmonic expansion, with expansion
coefficients for the scr.ttered fields expressed in terms of the coefficients appropriate to the source
distribution. The source is treated using a clever technique due to Jackson. A separate treatment
of the case of a perfectly conducting sphere also is included.

For explicit results, the source is taken to be a magnetic or current dipole. Without loss of
generality, the dipoles are placed on the z-axis, and oriented radially or tangentially to the sphere,
which is centered on the origin. Detailed expressions are given for the electric and magnetic field
components, both interior and exterior to the sphere, for both interior and exterior dipoles. These
expressions are relatively simple, and do not involve any recursion formulas for the coefficients,
contrary to what has been reported elsewhere.7 For completeness, the dc limits of the expressions
also are given. This is useful for direct applications, to provide more transparent forms to check
for physical consistency of the field expressions, and to provide a numerical check against the codes
for the fields in the low-frequency limit.

Numerical codes written in Hewlett-Packard BASIC, Version 3.0, are given for both the ac
and dc field expressions for the single case of exterior dipole and field point. The bulk of the code
given, in particular the geometrical transformations and the Bessel function and Legendre
polynomial routines, is applicable to the other three cases. The numerical treatment of the spherical
Bessel functions incorporates several representations found in Abramowitz and Stegun.'

BACKGROUND

For a time-harmonic source e, Maxwell's equations for a uniform medium take the form

V x E = i&B (1)

V x B = t((o - io )E + V x Ms + Js) = pJ (2)

V. (cE) = p (3)

V. B = 0 (4)
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where a, E, and g. are the medium conductivity, permittivity, and permeability, r,,petivcly,
and Ms and Js are source magnetization and current density. The sources are included in a general
way, but will be specialized to point magnetic and current dipoles for explicit calculations.

The equation of continuity is

V. J-iOp =0 (5)

that, upon substitution of Equations (2) and (3), can be written

V - (E +JS) . (6)

With the introduction of the divergenceless vector

E' = E -+ CY (7)

that is identical to E in a source-free region, Equations (1) and (2) can be written

V x E'= ioB + (8)

and

V x B = p((a - i o)E'+ V x Ms). (9)

With the introduction of the complex wave number

k2 = t(iom-00e) (10)

Equations (8) and (9) can be written

VxE'=i B+ kV ) (11)

and

VxB=- E'+pVxM s . (12)io)

Applying the vector identity V x V x A = V(V. A) - V2A to Equations (11) and (12) then
results in the vector equations with sources given by

(V2 + k2)E' = -ico( k2 +VxMS (13)

2
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and

(V2 + k2)B = -(V x V x Ms + V x Js). (14)

In a source free region, the fields E' and B, satisfying the associated homogeneous forms of
Equations (13) and (14), can be expanded in terms of transverse electric and transverse magnetic
parts in the form

E' = V x (rE) + (XV x V x (rTM) (15)

and

B = V x (rM) + PV x V x (rTE) (16)

where r is the radius vector, provided that TE and m satisfy the scalar Helmholtz equation

V 2'E + k2PE = 0 (17)

and

V 2Wm + k2 'M = 0. (18)

This may be verified by applying the operator V x V x (...) to Equations (15) and (16) in source free
regions, and applying the appropriate vector identities.

The coefficients a and 3 can be determined by inserting Equations (15) and (16) in Equation
(11) in a source free region and using the identity

V xV x (rI- =k2rM+V + r- r  (19)

to give the result

itOi
a=- and ]=--o(20)

k2  I

Equation (19) is a nontrivial identity, and is developed in detail below Equation (69) and preceding
discussion).

The vectors E' and B can be determined from the projections r • E' and r - B, as can be seen
by constructing the projections using Equations (15) and (16), applying Equation (19) and the
identity r - (VT x r) = 0. This results in

r • E= =-k 2 r2TM+r W+r---r (21)
k2r ar

3
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and

r.B=-i 2Tkr2PE+r+-(PE + r (22)--ar Dr

This shows that the projections r • E' and r • B determine Tm, and PE, respectively, and consequently
determine E' and B via Equations (15) and (16).

The projections r E' and r • B can be determined everywhere by means of the identities

r- (V2 + k2)E' = (V2 + k2) (r. E') (23)

and

r. (V+k 2)B = (V2 + k2) (r. B) (24)

together with Equations (13) and (14). These together give the inhomogeneous scalar Helmholtz
equations

(V2 +k 2) (r- E')= r- SE = pE (25)

and

(V2 +k 2) (r. B) = r - SB = PR (26)

where pE and PB are given by

V x VJ x V~s JS7PE = -icmtr • k 2 V ×M s  k27)

and

PB = -r. (V x V x Ms + V x Js). (28)

ANGULAR MOMENTUM OPERATOR AND
VECTOR SPHERICAL HARMONICS

The subsequent introduction of spherical boundaries near a localized source distribution is
greatly facilitated by the introduction of the angular momentum operator

L = -ir x V (29)

and the normalized vector spherical harmonics

1
x/.(o,4) 1 + LY1

' (0 'J )"  (30)

4
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By simple manipulation using the identity V x (rP) = -r x VW + WV x r = -r x VIP,
Equations (15) and (16) can be written

E'= -iLWE+ k) x LM (31)

and

B = -iLWM - 1V x LE. (32)
0)

Since WM and WT are solutions to the scalar Helmholtz equation, they can be expanded in
spherical coordinate eigenfunctions of the form

IF,,,,. = f(kr)Y,.(0, )  (33)

where f, is a spherical Bessel function satisfying the differential equation

d2f +2df +(k r-(1+ 1(
dr 2 r (34)

and the Y,. are spherical harmonics satisfying, in particular,

L 2y,,, = 1(1 + 1)Y, . . (35)

Now note the following series of substitutions resulting in a very useful identity:

LLfi(kr)Y,,,(O, 0)] = -ir x V[fl(kr)Y,,,(O , 0)] (36)

= -ir x [Y,,m(O,40)Vrfi(kr)+fl(kr)VYI,.,(0,0)

= -ir x [J(kr)V,4Y,,,(O, 0)] =f1(kr)[-ir x VY1,,,(O, O)]

=fLYm(0,0) = -I i+1)f(kr)X,,.(0, 0).

If the scalar functions are written as the expansions

W M=I a E

E =i I ,,,I ' =f(kr)Y,,,,(O, ) (37)

and

WM = i Z Xg,(kr)Y,,.(O,O) (38)

5
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then these may be substituted into Equations (31), (32), and (36) to jive
-i°M r

E= afX, +-amV x [gX (39)

and

B aim a, , V [ Xi. (40)

These forms will be used outside of the source region for both the primary fields due to the
source, and the scattered fields due to spherical surfaces. The primary fields will be developed first.
Then, in a subsequent section, the scattered fields will be developed by applying the appropriate
boundary conditions, and utilizing various orthogonality properties of the vector spherical
harmonics.

GREEN FUNCTION FOR THE PRIMARY FIELDS

For a localized source and no boundaries, the solutions to Equations (25) and (26) can be
expressed in terms of a Green function by means of Green's theorem:

f d3r'{G (r - r') (V2 + k)F - F(r') (V + k)G (r - r')} =0. (41)

With G and F satisfying

(V' 2+ k2)G (r, r') = -8(r - r') (42)

and

(V' 2 + k2)F(r') = p(r') (43)

Equation (41) reduces to

F(r) = fd 3r'G (r - r')p(r'). (44)

As shown in a number of texts, such as Jackson,7 the free field Green function is given by

G (r - r')- eiki(45)
4ni r - r'l

and has the expansion in spherical coordinate eigenfunctions given by
G(r-r =ik jji(kr<)h(')(kr ) "- (46)

=~~ ~ 1Y Y,..(O',(Y.,,(O,0) (6
1=0 M =-4

where j, and h(') are spherical Bessel functions of the first and third kind, respectively, and

6
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r<'> = r,r < / > r', r'otherwise. (47)

EXPANSION COEFFICIENTS FOR THE PRIMARY FIELDS

The primary fields outside the source region have the forms given in Equations (39) and (40).
The expansion coefficients can be determined by evaluating r• E' and r ° B. First note that

r - X.m =0 (48)

and

r - Vf(r) x X,. . = Xi.m • r x Vf(r) = 0. (49)

This leads to the identity

r - V x [f(kr)X,,] =f(kr)r' V X.,, =fl(kr)r xV • X., (50)
ifl(kr) y

if (kr)L . X,, - _Lr = ifi(kr)IT + 1) Ym.

Thus the primary field expansion coefficients are given simply by
aM'P (51)

! m=-4

and

r. Bp =- X 1+1)fi(kr) ,,, (52
Col =0 M=-4

When Equations (43) and (44) are applied to Equations (25) and (26), and the expansion
Equation (46) is used, expansions are obtained for r • E'P and r - Bp. Then, Equation (51) becomes

-' NFl(1+)g(kr) j a 'Ym,,(0,0) (53)
k 2 = M=-1i

Y- Y1 M. (, d3 r-PE(r')ji(kr<)hl)(kr,)Y(', .
:=ik 1 10

1 =0M=-4

For r < r' for any source point, fl(kr) = g,(kr) =j(kr) and this can be used together with the

orthonormality of the spherical harmonics YL,m to convert Equation (53) to

I'm = i1)f PE(r')(')Y'(','). (54)

7
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A similiar treatment of r - BP gives

a ' ' * = d~r p a(r ' )h ")(k r ')Y t, ,, O , . (5
F,, Y ~ + 1) f1.(',0 .(5

For points r > r' for any source point, h(')(kr ") is replaced by j(kr') in Equations (54) and (55).

APPLICATION TO A SPHERE WITH AN EXTERNAL SOURCE

For points interior to the sphere and exterior points outside the source, the fields have
expansions of the forms given in Equations (39) and (40). In particular, these forms hold for all
points on the surface of the sphere, and will be useful in imposing boundary conditions. The interior
fields will be designated with a 1 superscript, and the exterior scattered fields have a 2 superscript.
To be regular at the origin, the interior fields have the form

- m=I 1,. o 0 M,1 :L\l

E I X , ,a'ni (kir)X, +-i a,,V [,(k,r)X. (56)
I =min = f k12 I'm (56)

and

B1 = i , i{a,'j,(k r)X,,, -!aEV x [ii(kr)X.m]} (57)

while the exterior scattered fields are expressed in terms of outgoing waves and have the form

2 = X h+-a,., x [h~1)(k2r)X.M] (58)
i =Or =-4[

and

B2 = o, a '(k2r)X,. af 2 V x [h()(k:)X1,]} (59)

and, just outside the sphere surface, the primary fields have the form
* M = 1 E,P . '0.O M,

EP= Y,--.atJ(kr)X"+--am',,V x [,(kr)X,.I} (60)

and

B = " a Ji(kr)Xim - EPV x [J(k 2r)Xim];" (61)

8
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BOUNDARY CONDITIONS

The boundary conditions are continuity of the tangential E and tangential H fields at the
surface of the sphere. If R is the radius of the sphere, then the boundary conditions can be expressed
as

RxE'=Rx(E2 + EP) (62)

and

-RxB' =1Rx(B2 +BP). (63)

To apply the boundary conditions in Equations (62) and (63) it is necessary to develop a rather
complex identity. First, note that

r x V x [f(r)Xm] = r x fr) r x X1 " +f(r)V x X,,. (64)

The first term on the right-hand side of Equation (64) has the form

f(r)
r . X.,,m- r- rf(r)X,. . = -r(r)X,, (65)

that is, it is proportional to Xi.m. Next, it will be demonstrated that the second term on the right-hand

side of Equation (64) also is proportional to X,.

First, note that by a standard identity

V x (r x V)F = rV2F - (V. r)VF + (VF V)r- (r- V)VF. (66)

The second term on the right-hand side of Equation (66) is just -3VF. For the third term on the
right-hand side of Equation (66)

(VF- V)r = DiF~iri = DFi~j = DF = VF (67)

and, the fourth term on the right-hand side of Equation (66) is

-(r- V)VF = -ra9i = -riaj lF (68)

= - SW)DiF = VF - V(r. VF).

Applying these results to Equation (66) produces the identity

V x(r xV)F =rV2F- F+r-r) .  (69)
ar

9
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This result can be applied directly to V x X,.m:

xX .=7 V xLY m. V x (r x V)Ym (70)

+_____r 1

but,

2 l(l+ 1)rm 2 (71)

so,

+ il(I+1) rY,, i + (72)
V X Xm r2  +VYI(

and
i

rx X,, = Xr x VY,, = -XI'..  (73)

With all the foregoing, Equation (64) reduces (for spherical Bessel functions ft(kr)) to

r x V x [.t(kr)XL,,] = -Lf(kr) + krl,(kr)]X,,.. (74)

Application of the boundary conditions Equations (62) and (63), using the expansions
Equations (56) through (61), and the identity Equation (74) gives

a,,___ _1____a,,,____2R aim 1( 2Ra'j,(k 1R) ah(k 2 ) ,., kR)R X,. (75)

J=1mP-2 P2 -

a,{j(k 1 R)+ kRj,(kR)} a12{hI)(k2R)+k 2Rh(I)(k2R )}

0411 C0112

a. tjCk2R ) + k2R j(k 2R)Xma,,,ix,. (02oX'

and

10
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, .t{a,(kR)-a hl')(kzR)-a ,j(k2Rl)]R x X,,. (76)
i=0m=-4

am; 'U,(kR )+ kR*'(kR)} a, 2{ h)(k2R )+ k2R h)(k2R )}

a,, {j, (k2R) + k2R ) (k2R)}

The vector spherical harmonics satisfy several orthogonality and normalization conditions
which are useful in determining the expansion coefficients

X'.M, • r x X,.. = 0 (77)

f dxQ.,, m x,, = 8,,, ., (78)

and

f df2(r X,,,.) (r x Xm,,) (79)

= fdQ[(r • r) (X',,,, • X.m) - (r. X,,.) (r • Xi.)]

where the integration is over all solid angles, and 8,j is the Kronecker delta. If Equations (75) and

(76) are scalar multiplied by Xv.,. or R x X;.,m and the solid angle integral performed, Equation (77)
through (79) may be applied to give

al1 j,(k1R) ; a 2h" t(k 2R) = rM.P J(kj) (80)

aj,,[j(kjR) + kjR ,(kR)] - yaM2[h(I)(k2R) + k2R )] (81)
_MP

-ya,.m [j'(k2R) + k2RJ,(k2R)]

a jtkt )- ,')Ck2R) = aE. j Ck2Rl) (82)
a,,,j 1(kR) - )E 2h ='m

and

aj,'[j(kR) + k )R - .h(k-R + I (k2R )] (83)
= aEaU(k 2R) + k2Rj1(k2R)]

where t = I,/p2 and y = k12k/.

11
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Using the Wronskian {j,(u), h(u )} = i/u 2, introduce the determinants of coefficients

DE. = h')(u2) U1(u1) + ulI (u,)] - jt1(u,) [h(1"(u2) + u2h..)(u)] (84)

and
DmL = th(1)(u2) U,(uj) + uJL(ui)] - y11(u1) [h~t(u,) + (85)

and the expressions

NEJ = -j,(u,) Uj(u 1) + u,(u,)] + j,(u1) ',(u) + uN] (86)

and

NM~l = --tjt(u2) [j,(u,) + UjI(u,)] + j 1(u,) [j'(u2) + u2J(u 2)]. (87)

where ul = kjR and u2 = k2R. Then, the solutions for the expansion coefficients, valid for any
localized exterio source distribution that does not include the sphere surface, are given by

E,1 i E.P (88)

Im U2DE,1 '

E,2 NEI E,P (89)
a1,m = j-- a,,,89

I'm E,1

aim' u Ta (90)
U2Dm,l 

(0

and

M,2 NMJt M,P

aI,'m =m--a,,,. (91)

ELECTRIC AND MAGNETIC FIELDS FOR A
PERFECTLY CONDUCTING SPHERE

For a highly conducting sphere, the numerical results using the coefficient representations in
Equations (84) through (91) may be unreliable. In this case itis best to treat the sphere as a perfect
conductor. Then, the coefficients may be determined by means of the single boundary condition
Equation (62)

Rx(E+E')=0 (92)

at the surface of the sphere. Applying the expansions Equations (58) and (60), and the identity
Equation (74), and dropping the 2 subscript/superscript for the exterior region, Equation (92)
becomes

12



NCSC TR 426-90

1 1[- { a,[h"(kR ) + kR h51)(kR)] + a [j,(kR) + kRj,(kR )] IX,., (93)

{aI'mI(kR) +a'Pj(kR)}R X,, = 0.

Again, the properties of the vector spherical harmonics are used in Equations (77) through (79),
and the resulting equations solved to give

aM NM, t M,P (4
am = Nl a Ul (94)

and

a.E = NE., E,P (95)
LsE,i

again valid for any localized exterio source distribution not containing the sphere surface, where
now,

NM, = -[j,(kR) + kRj,(kR)] (96)

Dm, = h)(kR) + kR h )(kR) (97)

NE, = -j(kR) (98)

and

DE. = h(1)(kR). (99)

SPECIALIZATION TO DIPOLE SOURCES

Explicit solutions will be constructed for current and magnetic dipole sources. For these, the
current density and magnetization take the form

Js(r)=p8(r- Ro) (100)

and

Ms(r) = mS(r - R). (101)

The current dipole moment p can be specified directly for a dipole source shorted to the
medium, and has a non-zero value at dc. To represent an insulated dipole that couples only through
the displacement current, p should be written p = i(op', where p' is the e"tric dipc'e moment.

For V(r') = v8(r'- Ro), with v a constant vector, the following identities are valid:

13
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V'x V = -v x V'r- R) (102)

V'x V' x V = -vV'2(r'- Ro) + (v. V')V'(r' - Ro) (103)

f dr'F (r, r')V'8(r' - Ro) = -VoF (r, Ro) (104)

f dr'3F(r, r)V 25(r'- ) = (r, RO) (105)

and

f dr'3F(r, r)V' ® V'8(r'- Ro) = V0 ® VoF(r, R0). (106)

If Equations (100) and (101) are substituted in Equations (54) and (55) and Equations (102)
through (106) applied, the resulting source expansion coefficients, separated according to source
type, are (again, for an exterior source distribution, r < r' for any source point near enough to the
-phere s rface)

,In c. 0 xp)o Vo[h2V(k1Ro)Y.(0o, o)] (107)

MCD 4k 2aUCO~ ~ ~ j(R = pl ,2,,)h(t)keRt, y O )Y *
'= ° OCk 2 . 1 o,,(0o,0vo) (108)

+p V{Y,(0, 0) -!o{Roh/)(k2RO)}]}

E D w~ {k 2(K3 dR O9
a,MD = klot9 2

f1( + R 1) m)hl1 )(k2R0)Y7*
a,. - +1 .k N "mh[>k~) t,(0,00) (109)

+m- V Y, (0oo )d{Roh'(/o)}]1

and

M,MD __2_____)__V~hI)k2O)j

a,. - k -(R xm). Vo[h 1 kr (00, 0 )]. (110)

There are two cases for both types of dipole, radial and tangential. For the radial case

aE c  =0 (111)

14
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MCD.R pRokqp, [kh(1)(k2RO) + I-L JRhi)kROj(12
2 +1 1 d 2 .(O ]0ajM -'R /2 h:j47 )(2Ro) " -dR- {Roh~l)(k2Ro)}JY~m( 0 , 0o) (112)

t,, ll +1)[RodR~o I

E ,MD,R mo)Rok p hj(ko 1 d2  1a,M = Lhl')(k2 Ro)+--Id{Roh()(ko)}Ytm(o,4o) (113)

and

M,, = 0. (114)

Without loss of generality, the tangential dipole can be taken to have only a 0 component.
Then Equations (107) through (110) become

E,CDT pkP2 r, 1 . (115)a,,. - - -h(' 1)(kAR) Yj'm(O0, 4,0)(15
cOE21I +l 1) sin 00 40

MCDT Pk1p 1 d (1) a) (

am = e2 41(1 + 1) dR- [Ro( ) (116)

E,MDT nk2o2  1 d [(R1h1')(2R°)l(a
a',l+ I)iRodRo [ R YI*m(0 0 ) (117)

and

aMD - h') (o)s YI:,(O,00). (118)

To proceed further, it is useful to list some explicit results for the spherical harmonics and
related functions:

- 'TnO ) Y + 21+1(1-m)! P (cos 0)e-' .  (119)

P"(cos0) ac sin"0 , 0--40 , Im2 1 (120)

.(l-mn)!

PI'(cos 0) =(-1)" (1)! P7'(cos 0) (121)

and

d P"'(cos 0) = -(I + m) ( -m + 1)P -1 (cos 0) + m cot OPr(cos 0). (122)

15
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Again without loss of generality, the dipole may be taken to be on the z-axis: 0, -+ 0 .Then,
application of Equations (119) and (120) to Equations (112) and (113) shows that the source
coefficients for the radial dipole vanish unless m = 0, while application of Equations (119) through
(122) to Equations (115) through (118) shows that the source coefficients for the tangential dipole
vanish unless m = +1.

Before writing down the final results for the source coefficients, it is useful to list some
special limits:

P0 (1) = 1 (123)

P2(1) +l) (124)
2

sin P'(cos O)I e- =( 1(+ 1)(15

and

sin 0P '(cos 0)_ 11.G-*O+ 2(16

These can be used to simplify the dipole source coefficients. For points r < Ro the explicit forms
are

a10 oCDR = 0 (127)

pk .i (21 + 1)/(/+ 1)L(
aloD R 4 (128)

_ iomk (2 l 1I( +1
E,MD,R + +1)h)(k2Ro) (129)

a1 O 47c

a '0 = 0 (130)

ECDT ECDT (a),P k 2 _ r7 + ()
a,-, .=a,- 2 ,h , (k 2RO) (131)

M.CDT pkAJ 21+ 1, (132)
I'c = 21R N-- , [h, (k2Ro) + k2RohI (k2Ro)] (132)

EaD T =.i omkA 2  1-__+n- 2o 15 k2Roh(')(k2Ro)] (133)

16



NCSC TR 426-90

and

aMMDT, aMUDT imik~fp [ 2 1+l,1 o)(L
a1.- ' = a 1,; ' = 2 214t , v2'RO. (134)

For r > R0, h 1)(k2R0) is replaced by j(k 2R0) in Equations (127) through (134).

EXPRESSIONS FOR THE SCATTERED FIELDS
FOR AN EXTERNAL DIPOLE

The scattered fields are determined by combining Equations (127) through (134), Equations
(84) through (91) and Equations (56) through (59) with m suitably restricted. In the manipulation
of X1,0 and X,,,, some useful relationships are

2cos OP - sin2 05 ° = I(I + 1)P2 (135)

and

P1
- + 2cos OP'- sin2 0/P5 = l(I + 1)P1 . (136)

sin2 ()I

These appear in in the construction of the radial components of the fields, and are a consequence
of Equation (50).

In the final presentation of the field expressions, only the Legendre polynomials P, P and
their first derivatives will appear by virtue of the relations

P1
s--1=-, and t'sin6=/(/+ 1)P,-cos0P, (137)
sin 0

and the Bessel function derivative will be eliminated via the relation

f(u) + uf,(u) = (I + 1)fj(u) - uf (u). (138)

MAGNETIC DIPOLE

Radial

(Interior)

E, =0 (139)

E9 =0 (140)

17
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E 1 i~in Y(21 + 1 jkrh"k-RJj (141)
0 4n~R i o DE.1

B' mg j -(21 +)(1 + l)j1 (kr)h1('(k2R0 )P, (142)
41tRORr i=oDE~l

B p~ sin Y (21 + 1) -[(l + 1)j,(kr) - krj, + (kr)h,(l(k2RO)P, (143)
47toR i o DE~l

B=0 (144)

(Exterior)

E 2=0 (145)

E=)0 (146)

2 (mn,,k 2sin 0 - NEI 1 1 17
EOY (21 + 1) (147)r~l kR.P

47tR0  _~ E

B i2 .mg2k2 j (2 +I)(! +) E-"h,( k I)hlL'kPj (148)
r41ER~r t= o DE,,L'kr L')

B2 i1=ksn0 j (21 + 1)!-[(I + 1)h( 1)(k 2r)-k 2rh('?,(k2r)]h')k2RO)PI (149)

B 2=0 (150)

Tancnia

(interior)

El (21 + 1)-5--j,(k~r)h, (k2R0 )P, 11

Egm' ,sn (2 j(k,r) [(I + 1)h ')(k:2R) - k,,Rh(',(kjRo], (152)

+- [(l + 1)j,(k,r) - k,rj, + ,(kjr)R)4')(k2R0 ) [1 (1+ 1)!', - cosOPJ
Dm1l

18
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io'=m- i cOMLos 0 (21 +1) 1{l1R41(k 2RO) [ 1 )j,(kr) - k~rj,, l(k~r)]P5,
4nR0 Rr 1=,1(1+1) Dm,, 1 1 (153)

+ 1rj,(kr) (I+ 1)h (')(k 2R0) - k2h() (k2RO) I (I + 1)1', - cos6P0]}
DE,l

mn~jsin0 Cos 0 - 1()
B, = (21 + 1)T- RI + O)h, 1 (k2R0) - k2R0 h21 )(k2R0 )Ij,(kr)PI (154)

42tR0 Rr i_ DE.

1 =M I11Cos~ (21 +1) 1 Rkjjkrh )k2 )P
4iRRr Ti(l+1 I , a- kr~,k2 0 P (155)

+-1[(1 + 1)j,(kr) - krj, + (k~r)] [(I + 1)i4')kR0 ) - kI?0I4+?1 (k2R0 )] [I1(I + 1)P - cos OP ]}1
DE,,

B~ t Ii2j (2+){~~~k(k r)h()(k2Ro) [I1(I + 1)P, - cos 015 ] (156)
=ll+ 1) DMAok

+- [(I + 1 )ji(kr) -klrjl, (kr)] [(1 + 1 )h()(k2R0) -k 2R0I4'?(k2R)]P,}
DE,,

(Exterior)

2 - nm~ k2sin 0sin~4t X (2 N ) ~ ~~ kr~P( 2 o 1 7

Er - m(1 + 1k)h'(k2R 0) -kRb,( 2R)P (158)
47r =1ll D~l

+- [(1 + 1)h 1)(kr) - k2rh('1 (kr)Rhl)kk2 R0)[1(1 + 1)P', - cos ePj}

1 -=i~l 1- { DMRok()(Ro)[(l + 1)h(1 (k2r)-krh(21 (k2r)]PI (159)

N 4 E ,, (1) k2R0)]m~l [1+

+NE rh,(1)(k2r) [(l + 1)h(1)(k2R) - k2R~h,~('IkR][1( + 1)P, - cos OP J}
DE~l 1

B2 imr Lk2 sin 0cos~ - NE)
Br-(21 + 1) !- h()(kr) [(I + 1)hl(')(k2R0) - kRh,(k2 R0 )]Pl (160)

19



NCSC TR 426-90

9 mkcs (2 + 1) { rRkh)(kr)h)(k2Ro)Pj (161)
47rRor I=il(l+1) Dm.I

+!E [l+ 1)h141)(k2r)-k 2rh,(?) (k2r)] [(Il+ 1)h14')(k2R0) -k2 Rd4j')(kR 0 )) [I (I + 1)P, - cos OP1]}1

i mE k s n ( 2 + +

B 2 1 g~~si (1 {1)1 -rR 0 h(4"(k2r)h1 (k2R0 ) [1(1 + 1)I', - cos O,j (162)

+ L'[(I + 1)h(1)(k2r) - krh(')(kr)] [(I + 1)h1l)(k 2R0) - k2R~h(',(k 2RO)]PL,}

CURRENT DIPOLE

Radial

(Interior)

E. -(21 +1)1(1 + 1)j(klr)h, (kRO)(13
S 2itk2R 0Rr j=oDM,j T 13

E op = ' 1in 1 (21 + 1) -[(I + 1)jl(kr) - klrjl(~)h1 ( 2 0 P (14
2irkc2R 0Rr i=o DM1lr1h()k20P 

14

Eo'=O(165)

B> (166)

=0 (167)

1 pp,1ysm0 -

Bl-: ,(21+ l)-j(kr)h('(k2R0)P1  (168)

(Exterior)

COP opp2 Nm"1 (169)1hj'(krh,)k2,P

E ,i (2 + )( ) krh1 ( 2 0 P

X~ (21 +i 0 f [(I + 1)h (')(k2r) - krhil), (kr)Ih 1 )(k2R0)P 1  (170)
4Tck 2R~r I =o Dm1l

E4=0 (171)
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B 2=0 (172)

e =0 (173)

2 ip 2k 2 sin X (21 +1)!m hlkrh()2RJb (174)
B* xR 1=o Dm,l

Tangential

(Interior)

E,'4L =f 0CS4 7 (21 + 1) -j,(k~r) [(I + 1)hj41 )(k2R0) - k2R~hl'+ (k2R0)IP, (175)
F 21cgROR r i =1 DMIl

ho P C s ~ 21+ 1) j5-rR~ j,(k~r)hjl(k2R,)i, (176)
4qRktOR r ,ill1 D El

-- [(1 + 1)j,(k~r) - k~rj,. 1(k~r)] [(l + 1)h~')(k2R0) - 2~~(k 2R0)] [1(1 + 1)P, - cos 0P111

E icopj±1 sin (21 +1) 1 Rqjkrh~)kR)[1(1 + 1)1',- cos OP,] (177)

2- [(1 + 1)j,(kr) - k~rj, +1(k~r)] [(I + 1)hj(')(k2R0) - k2R0I 1),(k R0)iP j

-m~ 1+

PPl - (21 +1) .- j,(kr)( ) 1(k2R.) - 2RhP( 2 0)P (179)

e4ltR0Rr ,=il(l+l) DM1lI+ 19

+ -I [( + 1)j,(k~r) -klrjl, (k~r)IRoh')(k2R0) [1(1+ 1)P - cos Opij}
* DE,l

*B= glso (1+1f1 -Rh~(k2R0 ) [(1 + )j,(kir) -klrji, (kr)]PI (180)4ILR0Rr :i l(l+l1) DE.1

+-- -rj~k~r[(11)h(1 )(k2R0) -k 2R~hl(1)(k2R0)] [1(1 +1)1',- cosOP]
+D-r,(kr I( +
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(Exterior)

= ) 1pp2,Sin 0cos~ (21 + 1) m"h((r [(I + 1)h ("(k2R0) - k2R~h (,(k 2R)]P 1 (181)
r 4tk2R~r u I1+

)P 92COS~J (21+1) {-ERokqh ((k 2r)h(l(k 2R0)P 1(182)
4itk2Ror ,=il(l+l) DE.1

4[.'(1 + 1)h (1)(k2r) - krh(~1 (kr)] [(1 + ~l)(k 2R0 ) -k 2R~hl(?)(k 2R0)] [1(1 + )P - cos OP,]}

~p~ i~ (21+1) ~ ~ ~ ~ , ( )(k 2R 0) [(1 + 1))', - cos 0,1(83

+--.'[(l +1)h ('(k-2r) - krh (1 ,(k2r)J [(I + 1)h (1)(k R0) - k2ROh ()(k 2R0)]P 1}

B2ip gj 22sin 0si (2 + 1 N,, h(1 (k2r) [(11)hf ( 2R) k2 01)?(kR0 ] (185)
iRr 4 =ln+ ) D1l

2 ippik 2 ios (21 + 1){N (185))
B(+1 [- rhl)k 2r )[(C+ ) 4(k2R)-k 2Rh+(k 2RO)P,(16

4E-R~('(kR0[(1 + 1)h~)(k2 r) - krh,?21(k2r)] [1(1 + 1)P, - COS P,]}

DC LIMIT OF THE SCATT7ERED FIELDS
FOR AN EXTERNAL DIEPOLE

The dc limits of the field expressions given in Equations (139) through (186) are useful both
to provide a more transparent form of expression for a consistency check of the expressions, and
to provide explicit expressions for dc applications. These limiting forms are given below. Note
that, in the dc limit, y -- r8 where 8 = cc
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DC MAGNETIC DIPOLE

(Interior)

E,'=0 (187)

E' =0 (188)

Eo =0 (189)

1l n4 ji(21 +1)1(1+ 1) (190)
4 (+1)1+1 R(190)

nmt, sin0- (2l+1)(l+1) (191)
Bl = i- (191)

B'= 0(192)

(Exterior)

E 2 =0 (193)

E0=0 (194)

E* =0 (195)

B2- - i-i (R II1j P, (196)

2 pi(t- 1) sinO - (+1)(
4BR = ((R 1 )I+ 1  P, (197)

B=0 (198)

Tangenfil

(Interior)

E' =0 (199)
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Es'=0 (200)

E# =O (201)

mgsin_ 0Cos_ (2l+1) 'l ( P (202)

ml, cos, (21+1)(-L ) 1 [1 (1 1 ) 0S] (203)
07= 1=l(t+1)l+1 RO(

B1_nl= sn ,.- (21+1) (r'(204)B, 0 Rd3 17 ¢IIIRoP1 24

(Exterior)

E 2=0 (205)

EO=0 (206)

E = 0 (207)

nm4L(-l)sincos4.- 1(1+1) (R '(R (208)

2 --2(- 1)-COSl (R+ '(j - [l(l+l)P-osOP (209)

B m)1('t- 1)sino - )(R _t(R (210)
47tRrR 1.1(,c+1 1+1 r Ro

DC CURRENT DIPOLE

Radial

(Interior)
Eifp (2 ll (l l(r 1-1

2c __(_+_1)/+___Ro P1  (211)

ptsinO, (21 + )( + 1)( r (212)

2 0 +.R (212)
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*= 0 (213)

B=0 (214)

B'= 0 (215)

p g,-ar sin 0 (21 + 1)(26

(Exterior)

(R ii( (217)

47ira2R~rRl=i(8+1)l+1 1r) RO)

E2p(8-1)sinOi 1(1+1) (R 1( R I+1 (18

E =0 (219)

rB2=0 (220)

B =0 (221)

B2p (S -1I)±2sinO - 1+ 1 (R R P(2)
#- 47cRO 1=(8+1)l+1 (222)

Tangentil

(Interior)

E1j=ptrsinlOi _______(rV 1

2itay2R 3 1.i(8+1)+1lRoJ P, (223)

EI=ptrcosXi (21+ 1) Hr [1 (1 + 1)P - Cos Opt] (224)
2R~y2R3 1=.1(8+ 1)1 +1 R0

E0 -Prsin~ 21+1 (r P,(225)
2Rta2R 3 1 .( 8 +1)+1 LROJ"
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B pg1sinsin - 21+1 (r 1  (226)

B I=sin-o 21+1 { 1+1 Ro P 2r(227)
B 4tR2 +=l(l+1) ([ (1)+l 1 )P - CosOP  (8+1)1+ (227)

B1 "'cos4o 21+1 f 1 1 2T~r I[(+1P CsO I 28
4inR2 i=il(1+1) ( +l)l+ (8+1)1+1(1(1+l)PL-cosOPLI yj) (228)

(Exterior)

2 p(8-1)sinecoso 1(R+_ 1+Y 1(R
E°= 42R ,-- (8+)l+(-'o) y ) P-(229)

p(E 1) OCsi, I (R 1'+' (R 1+'[,+ I=P(B)o~ - 11 ) 1 Cos~i (230)
4a 2Rr -=i(8+ 1)1+1 CRo) r)

E2 p(8-1)sino~ I ( (R 11+1 (231)
E*=4nra2 Rr I = 1(+I)/l+I Ro), r)

p 2'(t-l1)sin 0sin, 1 l+ I( R ' +' (R (232)

B 4,Rr --I. (2+! [(1+ 1)P,-cosBP,] (8+1)1+ l'J.g) (233)

_ pRsn 0o "[(-1+) r( CP-1) I(1R((2+)
4rRor (t+ 1)= 1 p + (8  (+1)1+1 Ro (234)

APPLICATION TO A SPHERE WITH AN INTERNAL SOURCE

The scattered fields still have the forms given in Equations (56) through (59). The primary
field expansion now has the form

aEp.O):krX,. ,- aU(P V 23[h5))(kr)X,,.]}

and

BP= XoLam h("(kr)X,.i .a x [h(1)(kr)X,,. (236)
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The boundary conditions now are given by

R x(E + Ep) =R xE 2  (237)

and

IR x(B + BP ) RxB.2 (238)
91 P2

In expanded form Equations (237) and (238) are

aMl1h(kiR + ,IRxX,.(239)
l=O =-l[ 1 9 P2 j

a E1' {j,(kR) + k,)~,)} aEP[ 1(,) + kjR h()k)
(09,L +

a,,,{h((k 2R) + k2Rh,(1)(k2R)} ]Xl =

and

M n=1

X ~ .'j {[L~j-~i +aEh)(kiR) -aE2h,(')(k 2R)]R x X,(0

atj,(kjR) +kRj(kjR )} am- {hf 1)(kjR) +kR A)(kR )}

a,,.{hl?'(k2l) + k2R A,1'(k 2R)} Xl0
Ikjm =0

These may be reduced using Equations (77) through (79) to give

I'mj(kR ; a 2h,('(k 2R) = ..ca~m,h(l)(kR) (241)

ya -1j,(kR) - aj(1 I-a42 hmkR 2 A5k 2  22

-a, -'yaR) [h Rj(kR) aRm 1~k 1

a.Mj,(kR) 'ma hJ41)(k2R) - ~ l(kR (243)
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and

xa,E,,,[I(kR) + kjRj,(kR)] - aE2[h '1 (k2R) + kRh 1 )(k2R)j (244)

- -ta' [h"'(kR) + kiR hA')(kR)]

where now T = p/t and q = k Ik2 are the reciprocals of r and y. Proceeding as before, introduce

D'EI =ihI")(u2) (l + 1)j,(u) -Uljl(u)] -(u[(l + 1)hll)(u2) - u2h?),(u-2)] (245)

and

-DM' =h(')(u) [(l + 1)j,(u,)-urj,+1(ul)] -j (ul)[(l + 1)h(?1(u - u2h?1 (u2)] (246)

and the expressions

NE = h,)(uj) [(1 + 1)h')Cu2) - u2h,(+,(u.2)] -Th,'(u2) [(I + 1)h'("(u,) - ulhf+)(ul)] (247)

and

"NM =th(')(ul) [(I + 1)h,1"(u-) - u2h,('(u,)] -h)(u) [(1 + 1)h((u) -u ")h(u,)]. (248)

where again, u, = kiR and u2 = k2R. Then, the solutions for the expansion coefficients, valid for any
localized interior source distribution that does not include the sphere surface, are given by

E,l NE,l EP
a,,, a - ., (249)

E,2 _ t EP

a,,,- ulDEIa,,; (250)

MI = NM, a MP (251)
LM,L

and

M,2 Ty M, P
a,,, = - a. (252)UlD.)M,!

For dipole sources, the expressions in Equations (127) through (134) may be used, with
hh()(k2Ro) replaced by j!(kRo) and then the 2 subscripts replaced by 1. All the angular information

contained in X1,0 and X1. 1 remains the same.
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The end result is that the field expressions for the source interior to the sphere can be obtained
directly from Equations (139) through (186) for the exterior source case, by means of simple
exchanges and substitutions.

To obtain the new field components for region 1, replace hi1) ( ) by j, ()everywhere in the

old expressions for region 2, replace y, N, and D by ', N, and D in these expressions, and then
replace 2 by 1 everywhere it appears explicitly.

To obtain the new field components for region 2, first define [j'(u)] = (I + 1)f1(u) - ufl(u),
then replace ji(klr) and [L(k:r)] by h(')(k2r) and [h()(k2r)], h(')(k2Ro) and [h(')(k2R0)] by jj(kR 0) and
[j(kR 0)], all unbarred quantities by barred quantities, change the remaining subscripts from 1 to 2,
and reverse the sign of D Iu. The results of these operations are listed in the following section.

EXPRESSIONS FOR THE SCATTERED FIELDS

FOR AN INTERNAL DIPOLE

MAGNETIC DIPOLE

Radial

(Interior)

E, =0 (253)

E9 =0 (254)

w m i k s n 0 -N E tIomj± k YsinO (2/+ 1)N Lj(kjr)j(kjRo)P (255)
NE.

472 =0 DEJB- irr , (21/+ 1)1(1 + 1)! E- jj(kjr )j,(kjRo)Pj (256)
47rRor =o T.)E, tI

imj~tk 1 sin 0 - NE I
B1 = (21 + 1)= [(l + 1)j,(ktr) -kjrj+(kjr)j1 (kR 0)P (257)

1 =0 (258)

(Exterior)

E2 =0 (259)

q =0 (260)
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E2= ~~mj.~fl (21 + 1)=("~!i 0h(1)(kr)j,(kiRO)P5, (261)
* 4nR0R j b DE,:

D2 fl9I2 1 22
B 7, ==(21 + 1)1 (1 + 1)h(')(kr)j(k1 R0)P, 22
=47cRoRr I=oDE.1

M92sin 0 - 11 _ ()
B9 ,(1+ 1) =-[(I + 1)h,(')kr)-k 2r h +(k2r)1j,(k,R,)P, (263)

4nRO r I= o DEL

B 2 =0 (264)

Tangential

(Interior)

cmp.1 kl sin 0 sin 4) NM
E, -Y (21 + 1)=~j,(kjr)jj(k1R0)P, (265)

4nr 11 DM1l

Ee ompk 1 sin 0 ) (21 + 1) {-E Erl.(kr) [1(l + 1)j,(k1R.) - k1Rd1 + (k1R0)]P1  (266)
4nRor I=i10l+ 1) DE~l

+=-"- [(I + 1 )j,(kr) - k~rj,. 1 (k~r)]Rj,(kR 0 ) [I(/ + 1)P1 - cos el',]}

E*wm~ik, cos) (21 + 1) _,N, mAl R0I,(k1R0) [(I + 1)j,(k~r) - krj,., (kr)]P, (267)
4no =il(l+l) ThM,,

+ -"rj(k~r) [(1 +1)j,(k 1 R0) -kRj,(kR0 )] [1(1 +)P, -cosGPI

B no IY,1(21 +1) 5=~ j,(k~r) [(1 + 1)j~k1R0) -kRoj,, 1 k1R0)]P, (268)

B1  imp.1kcos4 (21 + 1)f !rRo-2j (kr)j (kRO)P1 (269)
4itR~r ,=iI(l+l) DMAj

NE[(1 + 1)j,(kir) -klrjl, +(k~r)I 1+ 1)j(k1R0 ) -k 1Roj .. (k1R0)]I (1+ 1)P'I- coO ,] I
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4n~±1k i= I(2+ 1) 5NM .,~ * k )( R [ ~ 1 P c s (270)

+NEl [I+ 1)j1(k~r) - klrj, + (klr)] [(I + 1)j1(k1R0 ) - kRcj, (k1R0 )],P,1

(Exterior)

E,2r (21 +l)=-,h(')(kr)j1 (k1R0)Pj (271)

E i 1comqisin~i(2l+1), I -rh()kk) [(1 + )j(k1 R0 ) -kRj, 1(k1R0)],P, (272)0 47ER 0.Rr i=il(l+l) 5E.,

+=I [(I + 1)h(')k 2r) - krh ()(k 2r)R 0 j(k1 R0 ) [I (I+ 1))', - cos OP1]

icm~cs 21+1 {~~ Rj(k 1R0) [(I + 1)h ('(kr) - k2rh('?1(k2r)]P1  (273)
4icRoRr I=il(l+l) 5m.l11

+=I-rh, '(k 2r)[(l +1)j,(k,)-kRj+1 (kR 0 )][1(1 +1)P1 -cosOp1]}
DE,l

B7(21 + 1)==-[( + 1)j,(k 1R0 ) -kRj,(kR 0 )]h1 ')(k2r)PI (274)
r- 4ntRRr I=i DEJ

2mni 2cos~ (21 + 1) -1
=~ 1) 1=- rR~,kI')(k2r)j(k1 R0)P,(25

1
+=-[(I + 1)h(')(kr) - krh('),(k2r)] [(I + 1)j,(k1R0 ) - kRj +(kR 0 )] [I(I + )I -cos 0,,]}

pL2sin4 (21 +1) {-1 R~ 1 )j(k R)[( ) 1 .oO (276)

4RDri iI(l +l1) DM,l

1
+=-[(I + 1)h ()(kr) - k~rh(21 (kr)I [(1+ 1)j1(kR0) -kRojl, 1 (k1 R0)]f>,}

DE.1
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CURRENT DIPOLE

Bada

(Interior)

E 4' = k-O L jDm, (21 + 1)1(1 + 1)j,(kjr)jj(kR 0)P1  27

-e = (21 + 1)=-'--[(I + 1)j,(kr)-klrj,(k,r)j(k,R0)PI (278)
4itk,Ror t=o DM1l

Eo4=o0 (279)

B'=0 (280)

B'=O (281)

ipp.k, sinG NM I
B' - 1 (21+ 1)=--,krj( 1 0 P (282)

41E~RO 1=0 5.

(Exterior)

E2 irpp (O 1 (1)
r-(21 + 1)1(1 + 1)h(kr)j,(k,R0)P, (283)

F2nkj2R0Rr1=oDm,,

a Op 2  Y, (21 + 1) =- [(l + I)hl'(~)-kr~(~~i(1 0 P 24
2nk R0 R r i=o Dm1l

*=0 (285)

Br= (286)

B =0 (287)

B PT Y,~ (21 + 1)=-!~h(')(kr)jj(kRo)P, (288)
2ntRoR i o Dm,,

32



NCSC TR 426-90

Tangential

(Interior)

E,' 4tkR~ = (21 + 1) '- ,(k, r)[ (I + l)j, (k1R0) - kRj+I(k1 R0)IP, (89

Eq'= cp . 1 Cos4 (21 + 1){NERok2 .(k)j(kjRO)P
4lnk1Rr ,=il(l+l) DEj 1

Z - [(l + )j,(kr)-klrj,I1 (k~r)] [(1 +1)j,(k 1R)-k1Rj,(kR0 )]I [(1 +)P, -cosOP,]}(290)

El cop~ , g ,si (21 + 1) 1 NE 11rR~k~jj(k~r)j(kR 0 ) [M( + 1)PI - cos 0,]~

NML' [(1 +1)j,(k~r) -klrjl,, (k~r)] [1 + )j,(k1R0)kRo,(kR])}(21

ip tk sn in0- NEI
BX-F (21 + 1)-j(kr)j(kR 0 )P, (292)

r nr _= DE,1 ,

ip, 1 kjsin~i(21+1) NM,
B- - -=-rj,(k~r) [(1 +1)j,(k 1R0) -k 1Rd, + (k1R0)]PI (293)

+==-" R~j,(k1 R0) [(1 + 1)j,(k~r) - klrj,, 1(kr)] [1(I + 1)1', - cos 01PJ}
DE,1

B1-i pp.1k,coso (21+1) {J iRj(kR0 ) [Q1 + 1)j,(k~r) - k~rj,, (k~r)]P,
41cRor 1Y +(11) DEL1

+Nmr rj,(k~r) [(I + 1)j,(k 1R0) - k1Rd,+ 1 (k1R0 )] [1(1 + 1)1', - cos OP,]} (294)

(Exterior)

E2-iop~i 0Cs (21 + 1) 1-h,")(k2r) '(1 + 1)j,(k 1R0 ) - k1Rjl,41 (k1R0 )]P, (295)
r 2nk?2RORr t=1 Dim,,
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iopp2 cos . (21+ 1) { ..R h r)(k)j(kRo)Pf (296)

4ntk2R0Rr 1=il(l+1) DE.

2
+2-[(1 + 1)h")(klr) - k2rh(')(k 2r)] [( + 1)j(k 1R0) - k1R 0j+ 1(k1R0)] [1(1 + 1)PI - cos OP]}

E = [(1 + g~io 1 + 1)
DM,

0 ipRsin 1 l +1) {--rR 0 k2h('kr)j(kR 0) [1(1 + R))l - cos0P]

2

+- [(1 + 1)h)(k2r) - krhg?1(kr)] [(I + 1)jj(kR 0) - kRoj + (k1R0)]P} (297)DMI

5 -~ 1+

BX2 p sin 0sin 0 (21+1) h)(k2r)j,(k1R0)P (298)4rnRr 1=1 DEl

2P92S'i4(21+ 1) 2B2=+ 1)-- -rh(k)(kr)[(1+ 1)j(k 1R°)-k 1R Jl+,(kR°)]PI
04nrR0Rr ,=xl(1l1) DM51

1

+--L [(I + 1)h~1)(k2r) - k2rhj(1 (k2r)]Rcj(kR0) [1(1 + 1)P - cos 0PJ] (299)
5E,1

2 pPcos2 (21 + I{ llRoj(kR0) [(I + 1)h 1)(kr)-k 2rh,')(kr)]P,
47tRoR r i = il(l+l1) D+

2yrh(kr) [(1 + 1)j(k1R0) - k1R& 01 (kR 0)] [1(1 + l)P,- cos 0P,]} (300)
5M,t

DC LIMIT OF THE SCATTERED FIELDS
FOR AN INTERNAL DIPOLE

The dc limits of the field expressions given in Equations (253) through (300) are not simply
derived from the dc expressions for the external dipole, given in Equations (187) through (234).
The limiting forms are derived directly and are given below. In writing the expressions, the results
are given in terms of 'r = ig1/p and 8 = a1 a/2.

DC MAGNETIC DIPOLE

Radial

(Interior)

E,=0 (301)
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EG =O (302)

E*= =0 (303)

Mg_(_-1) 12(+1) (r\I(Roj,

B> =-4-' rR (t + 1) + 1 LR )L ' ) P(4)

rm±L,(,-1)sin0 - l(l+ 1) (r'(RoY.
B 4nRorR ,(,+1)1+1 R " ) ' (305)

B'=0 (306)

(Exterior)

E2=0 (307)

q =0 (308)

E*=0 (309)

n4L i(21 + 1)1(1+ 1) Ro (310)
B2r~ 4nRor 2 = t (c+'1"1+1 (r'" (310

B2mp,2,rsin0- (21/+1)I (Ro (311

B2 4--r 2  =(~~ +1 r~r 31

B =0 (312)

Tangenil

(Interior)

E, =0 (313)

Eg =0 (314)

E* =0 (315)

1 n x,lsinocosi l.1,1 ( !
B,-- (316)

4RorR I(t+ 1)/+1 R R35
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B m 1('rt-1)c "("+ 1 "(1+1 R [l(I + 1)PI -cosOPt] (317)

Bl= m -1) sin,( 1+1 r p, (318)

(Exterior)

E 2 =0 (319)

E=0 (320)

E0 =0 (321)

2mgx2'rsin 0cos -(21 +X1)(1+X1) Ro p (22
By = (322)4rRor2  ,1=1 TT~ Te

B___s_ (2l+1)1_1)(

42 Ror2 ii (1+ 1)+l [1(1+ 1)P,-cos Pt] (323)

B2 mntsini (21+1) i'Ro i(34
# R 2 1 , ( ,r+1 )1 + 1

DC CURRENT DIPOLE

Radial

(Interior)

E ____ I (+1 (r ! P,(R325
S4( 1 )aR0rR.i(+1)l+1 PR R(325)

, p(5-1)sine - 1(1+1)(R)(!otpt (326

4i7caRorR t(5+1)l+1

E0 =0 (327)

B' =0 (328)

B =0 (329)

36



NCSC TR 426-90

B-p (8 -l)Igl sinj (r (330
47cROR 1- 1 (8+1)1+T1 R) OR(30

(Exterior)

E2 = p -(21 +1)1(1 +1) OP(31
2,gty 2ROr2l~1 (8+1)1+1 ( r 7 (31

E,=psinO (21+1)1 (R0Y' (332)

2E #= (333)

B=0 (334)

B 2=0(335)

psin 0 (21 +1) (R1 0 ' (336)

Tangenia

(Interior)

E=p(8-1)scos~i 1+1) ((337)

4itaP(S1R0Rr i 15+~+ (rJ ll )Pl-CosP 1] (338)

E p(B- 1)sino~ 1+1 (r(j (339)Y

B1-p gl,c - 1) sin 0sinj (r r(Ro (40
4itRr R=(+~~ CR

p~ f4L1sin R0(c 1) r(8r-(R
B'[1(1 + 1)P,-CosP] 0-b 1 )! +(341)
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Bl R0( - r(-) [1 (1+ 1)P1 - Cos P]}(J() (342)

(Exterior)

r 2ina2R Or2 i1(8+1)1+1 r

(345

2 c~in r sn2  i 2+ 1)~ (346)

Br- 4 r2 ' 1 .1 (l++1) 1 )1 r[8 1l1 J1 r)

0 ____ 2i? [21+ )l+)1P+ 1 -c -Co Op] + 1 ] - (347)

B 2 P9 2 COS (2 1 + 1 ) cO2 38
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APPENDIX A

NUMERICAL METHODS AND HEWLETT-PACKARD BASIC 3.0 COMPUTER
CODES FOR CURRENT AND MAGNETIC DIPOLE FIELDS

in i*, Appendix, codes are given fcr computtng the elccti:c and magnetic fields external to
a sphere, for dipole sources external to the sphere. Codes are given for ac sources(MAGNDIPSPH
and CURRDIPSPH) and for dc sources (MGDPSPHDC and CRDIPSPHDC). The Legendre
polynomials and their first derivatives are generated in the subroutine Pl_pldot based on the
recursion formulas.A' The spherical Bessel functions can be generated from closed-form
expressions,A' but these have large roundoff errors for any given argument as the order increases.
Instead, the Bessel functions are generated from various representations, depending on the values
of argument and order. These routines were taken from Abramowitz and Stegun," and are discussed
in detail below.

The structure of the remainder of this Appendix is as follows:

MAGNDIPSPH
CURRDIPSPH
MGDIPSPHDC
CRDIPSPHDC

The subroutines:

Geomdipsph
Geomfldpos
Geomfldb e
Jcomb
Hcomb
Spherejnz
Spherehnz
Jnuevrywhr
Hnuevrywhr
Pl.pidot
Ndm
Nde
Ndmicon
Ndeicon

Discussion of series representations of Bessel functions.

The subroutines:

Jn
Hln
Jnu
Hlnu
Priniogz
Atn2
Gamma

Discussion of asymptotic representations of Bessel functions for large argument.
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The subroutines:

Jnasy
Hlnasy
Pnz
Qnz

Discussion of uniform asymptotic representation of Bessel functions for large order.

The subroutines:

Jfiuniasym
Hfkuniasym
Jhlproduni
Uk
Ukcoefs

PROGRAM MAGNDIFPSPH

10 OPTION BASE 1
20 DIM Xf(3),Xd(3),M(3),Rds(3,3),Bp(3,2),Ep(3,2),B(3,2),E(3,2)
30 DIM Pl(100),Pld( 100),Ndma( 100 ,2),,Ndea( 100,2),Et(3,2),Bt(3,2)
40 INPUT "FREQUENCY AND MEDIUM AND SPHERE(Ss<0 =>
INF)CONDUCTV1TlES(MIHO/M)?",F,Sm,Ss
50 INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?",Mm,Ms
60 INPUT "RELATIVE PERM[ITITIVITY OF MEDIUM AND SPIIERE?"EmEs
70 INPUT "POSITION OF FEILD POINT'?(M)",Xf(*)
80 INPUT "POSITION OF SOURCE POINT?(M)",Xd(*)
90 INPUT "MAGNETIC DIPOLE MOMENT VECT7OR?(AM[P-MA2)",M(*)
100 INPUT "SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",AEll
110 INPUT "RELATIVE ERROR FOR TRUNCATION?",Err
120 Lmax=EII+1
130 W=2*PI*F
140 M0=4*PI*1.E-7
150 EO=-8.85415E-12
160 Utl=W*MO
170 Ut2=-W*EO*Utl
180 Kl2r--Ut2*Es*Ms
190 Kl2i=Utl*Ms*Ss
200 K22r--Ut2*Em*Mm
210 K22i=Utl*Mm*Sm
220 Md=SQR(Kl2r*K1 2r+Kl2i*Kl2i)
230 Klr=-SQR((Md+Kl2r)t2)
240 Kli=SQR(ABS(Md-Kl2r)12)
250 Md=SQR(K22r*K22r+K22i*K22i)
260 K2r=SQR((Md+K22r)t2)
270 K2i=SQR(ABS(Md-K22r)/2)
280 Mefac=W*MO0*Mn,/4/PI !Electric fields in volt/meter
290 Mefacr--Mefac*K2r
300 Mefaci=Mefae*K2i
310 Mxnfac=MO*Mm/4/PI Magnetic fields in tesla
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320 Mmfacr---Mmfac*K2i
330 Mxnfaci=Mmfac*K2r
340 Mur--MsIMm
350 !Only frequency and medium constants to here
360 REDLM Ndma(Lmax,2),Ndea(Lmalx,2)
370 IF Ss>O THEN GOTO 410
380 CALL Ndmicon(Lmax,K2r,K2i,ANdma(*))
390 CALL Ndeicon(LmaxK2r,K2i,A,Ndea(*))
400 GOTO 430
410 CALL Ndxn(Lmax,KlrKli,K2r,K2i,MurANdxna(*))
420 CALL Nde(Lmax,Klr,Kli,K2r,K2i,Mur,A,Ndea(*))
430 !Added only sphere radius to here
440 CALL Geomdipsph(Xd(*),M(*),Rds(*),RO,Mr,Mt)
450 CALL Geomfldpos(Xf(*),Rds(*),R,CtSt,Cp,Sp)
460 Zr--K2r*R
470 Zi=K2i*R
480 ZOr--K2r*RO
490 ZOi=K2i*RO
500 REDIM Pl(Lmax),Pld(Lmax)
510 CALL P1_pldot(Lmax- 1,CtPl(*),Pld(*))
520 MAT Ep= (0)
530 MAT Bp= (0)
540 L--2
550 MAT Et= (0)
560 MAT Bt= (0)
570 CALL Hcomb(L- 1,ZrZi,RjizrjHz,ChzrChzi)
580 CALL Hcomb(L- 1,Z~rZW,R0,Hz0rHz ,Chz0r,Chz0i)
590 Te lr=-Hzr*Hz~r-Hzi*Hz~i
600 Te li=Hzr*HzOi+Hzi*HzOr
610 Te2r--Te lr*Ndma(L, 1 )Teli*Ndma(L,2)
620 Te2i=Te lr*Ndnia(L,2)+Te 1i*Ndma(L, 1)
630 Tb2r--Te lr*Ndea(L, 1)-Tel i*Ndea(L,2)
640 Tb2i=Te lr*Ndea(L,2)+Te li*Ndea(L, 1)
650 Et( 1,1 )=Mt*St*Sp*Te2r*Pld(L)IR
660 Et( 1,2)=Mt*St*Sp*Te2i*Pld(L)/R
670 Te3r=-Hz~r*Chzr-Hz~i*Chzi
680 Te3i=HzOr*Chzi+HzOi*Chzr
690 Te4r--Te3r*Ndnia(L, 1)-Te3i*Ndnia(L,2)
700 Te4i=Te3r*Ndma(L,2)+Te3i*Ndma(L, 1)
710 Te5r--Hzr*Chz0r-Hzi*Chz~i
720 Te5i=Hzr*Chz0i+Hzi*Chz~r
730 Te6r--Te5r*Ndea(L, 1 )Te5i*Ndea(L,2)
740 Te6i=Te5r*Ndea(L,2)+Te5i*Ndea(L,1)
750 Bt( 1,1 )=Mr*Tb2r*L* (L- 1)*Pl(L)IR/RO
760 Bt( 1,2)=Mr*Th2i*L*(L- 1)*Pl(L)IR/RO
770 Bt( 1,1 )=Bt( 1,1 )+Mt*Cp*St*Te6r*Pld(L)IR
780 Bt( 1,2)=Bt( 1,2)+Mt*Cp*St*Te6i*Pld(L)IR
790 Th3r--Chzr*Chz0r-Chzi*Chz~i
800 Tb3i=Chzr*Chz0i+Chzi*Chz~r
810 Tb4r-=Tb3r*Ndea(L, 1)-Tb3i*Ndea(L,2)
820 Tb4i=Tb3r*Ndea(L,2)+Tb3i*Ndea(L, 1)
830 Tb5r--K22r*Te2r-K22i*Te2i
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840 Tb5i=K22r*Te2i+K22i*Te2r
850 Tb6r--Te3r*Ndea(L, 1 )-Te3i*Ndea(L,2)
860 Tb6i=Te3r*Ndea(L,2)+Te3i*Ndea(L, 1)
870 Et(2, 1)=Et(2, 1)+Mt*Sp*Te4r*(PI(L)-Ct*Pld(L)IL/(L- 1))
880 Et(2,2)=Et(2,2)+Mt*Sp*Te4i*(PI(L)-Ct*Pld(L)/L/(L- 1))
890 Ft(2, 1 )=Et(2, 1 )-Mt*Sp*Te6r*Pld(L)L1(L- 1)
900 Et(2,2)=Et(2,2)-Mt*Sp*Te6i*Pld(L)I/U(L- 1)
910 Bt(2,1)=Bt(2, 1)-Mr*St*Tb6r*Pld(L)/R0
920 Bt(2,2)=Bt(2,2)-Mr*St*Tlb6i*Pld(L)/RO
930 Bt(2, 1 )Bt(2, 1)+Mt*Cp*Tb5r*Pld(L)/b/(L- 1)
940 Bt(2,2)=Bt(2,2)+Mt*Cp*Tb5i*Pld(L)/L/(L-1)
950 Bt(2,1 )=Bt(2, 1)+Mt*Cp*Th4r*(P(L)-Ct*Pld(L)ILL1))
960 Bt(2,2)=Bt(2,2) Mt*Cp*Tb4i*(P(L)-Ct*Pd(L)1L1(L- 1))
970 Te7r--Telr*Ndea(L, 1)-Teli*Ndea(L,2)
980 Te7i=Te lr*Ndea(L,2)+Teli*Ndea(L,1)
990 Te8r--Te3r*Ndma(L, 1)-Te3i*Ndxna(L,2)
1000 Te8i=Te3r*Ndma(L,2)+Te3i*Ndma(L, 1)
1010 Et(3, 1)=Et(3, 1)+Mt*Cp*Te6r*(PI(L)-Ct*Pld(L)I.(L- 1))
1020 Et(3,2)=Et(3,2)+Mt*Cp*Te6i*(P(L)-Ct*Pld(L)/LA(L-1))
1030 Et(3, 1)=Et(3, 1 )Mt*Cp*Te8r*Pld(L)/L1/(L-1)
1040 Et(3,2)=Et(3,2)-Mt*Cp*Te8i*Pld(L)/L/(L-1)
1050 Et(3, 1)=Et(3, 1 )Mr*Te7r*St*Pld(L)/R0
1060 Et(3,2)=Et(3,2)-Mr*Te7i*St*Pld(L)/R0
1070 Bt(3, 1)=13t(3, 1)+Mt*Sp*Tlb5r*(P1(L)-Ct*Pld(L)/L/(L- 1))
1080 Bt(3,2)=Bt(3,2)+Mt*Sp*Tb5i*(P(L)-Ct*Pld(L)/L/(LI ))
1090 Bt(3, 1 )Bt(3, 1)+Mt*Sp*Tb4r*Pld(L)IL/(L- 1)
1100 Bt(3,2)=Bt(3,2)+Mt*Sp*Tb4i*Pld(L)/L1(L- 1)
1110 Ep(1,1)=Ep(1,1)+(2*L1)*Et(1,1)
1120 Ep(1 ,2)=Ep( 1,2)+(2*L- 1)*Et( 1,2)
1130 Ep(2,1)=Ep(2,1)+(2*L-1)*Et(21I)
1140 Ep(2,2)=Ep(2,2)+(2*L- 1)*Et(2,2)
1150 Ep(3, 1)=Ep(3, 1)+(2*L- 1)*Et(3,1)
1160 Ep(3,2)=Ep(3,2)+(2*L-1)*Et(3,2)

1180 Bp(1,2)=Bp(1,2)+(2*L-1)*Bt(1,2)
1190 Bp(2, 1)=Bp(2, 1)+(2*L- 1)*Bt(2, 1)
1200 Bp(2,2)=Bp(2,2)+(2*L- 1)*Bt(2,2)
1210 Bp(3,1 )=Bp(3, 1)+(2*L- 1)*Bt(3, 1)
1220 Bp(3,2)=Bp(3,2)+(2*L- 1)*Bt(3,2)
1230 Nerl=Et(1,1)*Et(1,1)+Et(1,2)*Et(1,2)
1240 Ner2=Et(2, 1)*Et(2, 1)+Et(2,2)*Et(2,2)
1250 Ner3=Et(3, 1 )*Et(3 , 1 )+Et(3,2)*Et(3,2)
1260 Dnel=Ep(1,l)*Ep(1,1)+Ep(1,2)*Ep(1,2)
1270 Dne2=Ep(2,1)*Ep(2, 1)+Ep(2,2)*Ep(2,2)
1280 Dne3=Ep(3, 1)*Ep(3, 1)+Ep(3,2)*Ep(3,2)
1290 Nbrl=Bt(1,1)*Bt(1,1)+Bt(1,2)*Bt(1,2)
1300 Nbr2=Bt(2, 1)*Bt(2, 1)+Bt(2,2)*Bt(2,2)
1310 Nbr3=Bt(3,1)*Bt(3,1)+Bt(3,2)*Bt(3,2)
1320 Dnbl=Bp(1,1)*Bp(1,1)+Bp(1,2)*Bp(1,2)
1330 Dnb2=Bp(2, 1 )*Bp(2, 1 )+Bp(2,2)*Bp(2,2)
1340 Dnb3=Bp(3, 1 )*Bp(3, 1 )+Bp(3,2)*Bp(3,2)
1350 IF L=-Lmax THEN 1570
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1360 IF Dnbl=0 THEN 1380
1370 IF Nbrl/Dnbl1<Err*Err THEN
1380 IF Dnb2=0 THEN 1400
1390 IF Nbr2fDnb2<Err*Err THIEN
1400 IF Dnb3=0 THEN 1420
1410 IF Nbr3/Drb3<Err*Err THEN
1420 IF Dnel1=O0THEN 1440
1430 IF NerlfDnel<Err*Err THEN
1440 IF Dne2=0O THEN 1460
1450 ]IF Ner2fDne2<Err*Err THEN
1460 IF Dne3=0O THEN 1480
1470 IF Ner3/Dne3<Err*Err THEN
1480 GOTO 1570
1490 ENDIEF
1500 ENDIEF
1510 END IF
1520 ENDIEF
1530 ENDIEF
1540 END IF
1550 L--L+1
1560 GOTO 550
1570 Tmpr--Mefacr*Ep(1,1 )-Mefaci*Ep(1 ,2)
1580 Tmpi=Mefacr*Ep( 1,2)+Mefaci*Ep( , 1)
1590 Ep(1,1)=-Tmpr
1600 Ep(1,2)=-Tmpi
1610 Tmpr--Mmfacr*Bp(1 ,1).-Mmfacj*Bp(1 ,2)
1620 Tmpi=Mmfacr*Bp(1 ,2)+Mmfaci*Bp(1, 1)
1630 Bp(1,1)=Tmpr
1640 Bp(1,2)=Tmvi
1650 Tmpr--Mefacr*Ep(2, 1 )Mefaci*Ep(2,2)
1660 Tmpi=Mefacr*Ep(2,2)+Mefaci*Ep(2, 1)
1670 Ep(2,1)=-Tmpr
1680 Ep(2,2)=-Tmpi
1690 Trnpr--Mznfacr*Bp(2, 1)-NMmfaci*Bp(2,2)
1700 Tmpi=Mmfacr*Bp(2,2)+Mlmfaci*Bp(2, 1)
1710 Bp(2,1)=Tmpr
1720 Bp(2,2)=Tmpi
1730 Tmpr--Mefacr*Ep(3, 1 )Mefaci*Ep(3,2)
1740 Tmpi=Mefacr*Ep(3,2)+Mefaci*Ep(3, 1)
1750 Ep(3,1)=Tmpr
1760 Ep(3,2)=Tmpi
1770 Tmpr--Mmfacr*Bp(3, 1 ).Mmfaci*Bp(3,2)
1780 Tmpi=Mmfacr*Bp(3,2)+Mlnfaci*Bp(3, 1)
1790 Bp(3,1)=-Tmpr
1800 Bp(3,2)=-Tmpi
1810 CALL Geomfldb-e(Ct,StCp,Sp,Bp(*),Ep(*),Rds(*),B(*),E(*))
1820 PRINT E(*) !Electric field in original frame
1830 PRINT
1840 PRINT B(*) !Magnetic field in original frame
1850 END
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PROGRAM CURRDIPSPH

10 OPTION BASE 1
20 DIM Xf(3),Xd(3),P(3) ,Rds(3,3),Bp(3,2),Ep(3,2) ,B(3,2),E(3 ,2)
30 DIM P1(10OOXPld( 100),Ndma( 100,2),Ndea( 100,2),Et(3,2),Bt(3,2)
40 INPUT "FREQUENCY AND MEDIUM AND SPHERE(Ss<0 => INF)
CONDUCTIVITIE-S(MHOIM)?",F,Sm,Ss
50 INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?',Mm,Ms
60 INPUT "RELATIVE PERMITITIVITY OF MEDIUM AND SPHERE?",EmEs
70 INPUT "POSITION OF FIELD POINT? (M)",Xf(*)
80 INPUT "POSITION OF SOURCE POINT? (M)",Xd(*)
90 INPUT "CURRENT DIPOLE MOMENT VECTOR?(AMP-M)",P(*)
100 INPUT " SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",AElI
110 Err--l.E-6
120 Lmax=EII+l
130 W=2*PI*F
140 M0=4*PI*1.E-7
150 EO=8.85415E-12
160 Utl=W*MO
170 Ut2=W*EO*Utl
180 Kl2r--Ut2*Es*Ms
190 Kl2i=Ut1*Ms*Ss
200 K22r=-Ut2*Em*Mm
210 K-22i=Utl*Mm*Sm
220 Md=SQR(K1 2r'*Kl12r+Kl2i*Kl2i)
230 Klr=-SQR((Md+Kl2r)12)
240 Kli=SQR(ABS(Md-Kl2r)/2)
250 Md=SQR(K22r*K22r+K22i*K22i)
260 K2r=-SQR((Md+K22r)12)
270 K2i=SQR(ABS(Md-K22r)/2)
280 Mk2=K2r*K2r±K2i*K2i
290 Ik2r=-K2r/Mk2
300 Ik2i=-K2i/Mk2
310 Eefac=MO*Mm*W/4/PI !Electric fields in volt/meter
320 Eefacr=-Eefac*Ik2r
330 Eefaci=Eefac*Ik2i
340 Emifac=MO*Min/4/PI !Magnetic fields in tesla,
350 Emfacr---Emfac*K2i
360 Emfaci=Emfac*K2r
370 Mur--MsIMm
380 !Only frequency and medium constants to here
390 REDIM Ndnia(Lmax,2),Ndea(Lmax,2)
400 IF Ss>O THEN 440
410 CALL Ndmicon(Lmax,K2r,K2i,A,Ndma(*))
420 CALL Ndeicon(Lmax ,K2r,K2i,A,Ndea(*))
430 GOTO 460
440 CALL Ndm(Lmax,Kl1r,Kl1i,K2rK2i,MurA,Ndnia(*))
450 CALL Nde(Lmax,Klr,Kli,K2r,K2i,Mur,A,Ndea(*))
460 ! Added only sphere radius to here
470 CALL Geomdipsph(Xd(*),P(*),Rds(*),ROPrPt)
480 CALL Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)
490 Zr--K2r*R
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500 Zi=K2i*R
510 ZOr--K2r*RO
520 ZOi=K2i*RO
530 REDIM PI(Lmax)XPld(Lmax)
540 CALL PL-pldot(Lmax- 1,Ct,Pl(*),Pld(*))
550 MAT Ep= (0)
560 MAT Bp= (0)
570 L--2
580 MAT Et= (0)
590 MAT Bt= (0)
600 CALL Hcomb(L- 1,ZrZi,RHlzrHz,ChzrChzi)
610 CALL Hcomb(L- 1 ,ZOrZOi,ROizOrHz ,Chz0r,Chz0i)
620 Tb 1r=Hzr*Hz~r-Hzi*FHz~i
630 TbliH1 *z +z*H~
640 Tb2r-=Tb lr*Ndea(L, 1)-Th li*Ndea(L,2)
650 Tb2i=Tblr*Ndea(L,2)+Tb li*Nciea(L,1)
660 Te2r-=Tblr*Ndma(L,I1)-Tbli*Ndm~a(L,2)
670 Te2i=Thlr*Ndma(L,2)+Tb li*Ndma(L,1)
680 Bt( 1,1 )=Pt*St*Sp*Tb2r*Pld(L.)/R
690 Bt(1,2)=Pt*St"Sp*Tb2i*Pld(L)/R
700 Tb3r=-Hz~r*Chzr-Hz~i*Chzi
710 Tb3i=HzOr*Chzi+HzOi*Chzr
720 Tb>4r=Tb3r*Ndea(L , 1 )Tb3i*Ndca(L,2)
730 Tb4i=Tb3r*Ndea(L,2)+Tb3i*Ndea(L, 1)
740 Tb5r--Hzr*Chz0r-Hzi*Chz~i
750 Tb5i=Hzr*Chz~i+Hzi*Chz~r
760 Tb6r-=Tb5r*Ndma(L, 1)-Th5i*Ndma(L,2)
770 Tb6i=Th5r*Ndma(L,2)+Tb5i*Ndmla(L, 1)
780 Et(1, 1)=Pr*Te2r*L*(L- 1)*P1(L)/R/RO
790 Et( 1,2)=Pr*Te2i*L*(L 1 )*P1(L)/R/RO
800 Et( 1,1 )=Et( 1,1 )+Pt*Cp*St*Th6r*Pld(L)IR
810 Et(1,2)=Et(1,2)+Pt*Cp*St*Tb6i*Pld(L)/R
820 Te3r--Chzr*Chz0r-Chzi*ChzOi
830 Te3i--Chzr*Chz0i+Chzi*Chz~r
840 Te4r--Te3r*Ndnia(L, 1 )Te3i*Ndnma(L,2)
850 Te4i=Te3r*Ndma(L,2)+Te3i*Ndnla(L, 1)
860 Te5r---K22r*Tb2r+K22i*Tb2i
870 Te5i=-K22r*Th2i-K22i*Tb2r
880 Te6r--Th3r*Ndnla(L, 1)-Th3i*Ndma(L,2)
890 Te6i=Th3r*Ndlna(L,2)+Th3i*Ndfla(L,1)
900 Bt(2, 1)=Bt(2, 1)+Pt*Sp*Tb4r*(PI(L)-Ct*Pld(L)/L1(LI ))
910 Bt(2,2)=Bt(2,2)+Pt*Sp*Tb4i*(P(L)-Ct*Pld(L)/IL-~1))
920 Bt(2, 1)=Bt(2, 1 )Pt*Sp*Tb6r*Pld(L)/L1(L-1)
930 Bt(2,2)=Bt(2,2)-Pt*Sp*Tb6i*Pld(L)/L/(L-1)
940 Et(2, 1)=Et(2, 1)+Pr*St*Te6r*Pld(L)/RO
950 Et(2,2)=Et(2,2)+Pr*St*Te6i*Pld(L)/RO
960 Et(2, 1)=Et(2,1)+Pt*Cp*Te5r*Pld(L)I/U(L-1)
970 Et(2,2)=Et(2,2)+Pt*Cp*Te5i*Pld(L)/L/(LL 1)
980 Et(2, 1)=Et(2, 1)-Pt*Cp*Te4r*(P1(L)-Ct*Pld(L)/L/(L-.1))
990 Et(2,2)=Et(2,2)-Pt*Cp*Te4i*(P(L)-Ct*Pld(L)I/(L- 1))
1000 Tb7r=-Tb lr*Ndnia(L, 1)-Tb li*Ndma(L,2)
1010 Tb7i=Tb lr*Ndma(L,2)+Tbl1i*Ndma(L, 1)
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1020 Tb8r-=Tb3r*Ndea(L, 1 )-T3i*Ndea(L,2)
1030 Tb8i=Tb3r*Ndea(L,2)+Tb3i*Ndea(L, 1)
1040 Bt(3,1)=Bt(3, 1)-Pt*Cp*Th6r*(PI(L)-Ct*Pld(L)L1/(L- 1))
1050 Bt32=t32-P*pT *P()-tPdL//L1))
1060 Bt(3, 1 )=Bt(3, 1 )+Pt*Cp*Th8r*Pld(L)/L/(L- 1)
1070 Bt(3 ,2)=Bt(3,2)+Pt*Cp*Tb8i*Pld(L)L/(L- 1)
1080 Bt(3, 1 )=Bt(3, 1 )+Pr*Th7r*St*Pld(L)IRO
1090 Bt(3,2)=Bt(3,2)+Pr*Th7i*St*Pld(L)/RO
1100 Et(3, 1)=Et(3, 1 )Pt*Sp*Te5r*c(PI(L)-Ct*Pld(L)f/(L- 1))
1110 Et(3,2)=Et(3,2)-Pt*Sp*Te5i*(P(L)-Ct*Pld(L)/L/(L- 1))
1120 Et(3, 1 )=Et(3, 1 )+Pt*Sp*Te4r*Pld(L)IL/(L- 1)
1130 Et(3,2)=Et(3,2)+Pt*Sp*Te4i*Pld(L)/L/(Ll )
1140 Bp(1, 1)=Bp(1, 1)+(2*L- 1)*Bt(1, 1)
1150 Bp(1,2)=Bp(1,2)+(2*L- 1)*Bt(1,2)
1160 Bp(2, 1)=Bp(2,1)+(2*L- 1)*Bt(2, 1)
1170 Bp(2,2)=Bp(2,2)+(2*L- 1)*Bt(2,2)
1180 Bp(3,1)=Bp(3, 1)+(2*L- 1)*Bt(3, 1)
1190 Bp(3,2)=Bp(3,2)+(2*L-1)*Bt(3,2)
1200 Ep(1,1)=Ep(1,1)-(2*L-1)*Et(1,1)
1210 Ep(1 ,2)=Ep( 1,2)-(2*L- 1)*Et( 1,2)
1220 Ep(2, 1)=Ep(2, 1 )(2*L- 1)*Et(2, 1)
1230 Ep(2,2)=Ep(2,2)+(2*L- 1)*Et(2,2)
1240 Ep(3, 1)=Ep(3, 1 )(2*L- 1)*Et(3, 1)
1250 Ep(3,2)=Ep(3,2)+(2*L- 1)*Et(3,2)
1260 Ner1=Et(1,1)*Et(1,1)+Et(1,2)*Et(1,2)
1270 Ner2=-Et(2, 1)*Et(2, 1)+Et(2,2)*Et(2,2)
1280 Ner3=Et(3, 1)*Et(3, 1)+Et(3,2)*Et(3,2)
1290 Dnel=Ep(1,1)*Ep(1,1)+Ep(1,2)*Ep(1,2)
1300 Dne2=Ep(2, 1)*Ep(2, 1)+Ep(2,2)*Ep(2,2)
1310 Dne3=Ep(3, 1)*Ep(3, 1)+Ep(3,2)*Ep(3,2)
1320 Nbrl=Bt(1,1)*Bt(1,1)+Bt(1,2)*Bt(1,2)
1330 Nbr2=Bt(2, 1)*Bt(2, 1)+Bt(2,2)*Bt(2,2)
1340 Nbr3=Bt(3, 1)*Bt(3, 1)+Bt(3,2)*Bt(3,2)
1350 Dnb 1 =Bp(1, 1 )*Bp(1, 1)+Bp( 1,2)*Bp(1 ,2)
1360 Dnb2=Bp(2, 1)*Bp(2, 1)+Bp(2,2)*Bp(2,2)
1370 Dnb3=Bp(3, 1)*Bp(3, 1)+Bp(3,2)*Bp(3,2)
1380 IF L=-Lmax THEN 1600
1390 IF Dnbl1={)0THEN 1410
1400 IF Nbrll/DnblI<Err*Err THEN
1410 IF Dnb2-O THEN 1430
1420 IF Nbr2/Dnb2<Err*Err THEN
1430 IF Dnb3=0OTHEN 1450
1440 IF Nbr3/Dnb3<Err*Err THEN
1450 IF Dnel1=0 THEN 1470
1460 IIFNerl/DnelRErr*Err THEN
1470 IF Dne2=0 THEN 1490
1480 IF Ner2/Dne2<Err*"Err THEN
1490 IF Dne3-O THEN 15 10
1500 IF Ner3fDne3<cErr*Err THEN
1510 GOTO 1600
1520 END IF
1530 END IF
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1540 END IF
1550 END IF
1560 END IF
1570 END IF
1580 L=L+1
1590 GOTO 580
1600 Tmpr--Emfacr*Bp(1, 1)-Emfaci*Bp( 1,2)
1610 Tmpi=Emfacr*Bp( 1,2)+Emfaci*Bp( 1,1)
1620 Bp(1,1)=Tmpr
1630 Bp(1,2)=Tmpi
1640 Tmpr--Eefacr*Ep(1,1 )-Eefaci*Ep( 1,2)
1650 Tmpi=Eefacr*Ep(1 ,2)+Eefaci*Ep(1 .1)
1660 Ep(1, 1)=Tmpr
1670 Ep(1,2)=Tmpi
1680 Tinpr--Emfacr*Bp(2, 1 )-Enfaci*Bp(2,2)
1690 Tnhpi=Enlfacr*Bp(2,2)+Emfaci*Bp(2, 1)
1700 Bp(2,1)=Tmpr
1710 Bp(2,2)=Tmpi
1720 Tmpr--Eefacr*Ep(2, 1)-Eefaci*Ep(2,2)
1730 Tmpi=Eefacr*Ep(2,2)+Eefaci*Ep(2, 1)
1740 Ep(2,1)=Tmpr
1750 Ep(2,2)=Tnipi
1760 Tmpr--Emfacr*Bp(3, 1)-Emfaci*Bp(3,2)
1770 Tnlpi=Emfacr*Bp(3,2)+Enlfaci*Bp(3, 1)
1780 Bp(3,1)=Tmpr
1790 Bp(3,2)=Tmpi
1800 Tmpr--Eefacr*Ep(3,1)-Eefaci*Ep(3,2)
1810 Tmpi=Eefacr*Ep(3,2)+Eefaci*Ep(3, 1)
1820 Ep(3,1)=Tmpr
1830 Ep(3,2)=Tmpi
1840 CALL Geomfldbe(Ct,St,Cp,Sp,Bp(*),Ep(*)Rds(*),B(*),E(*))
1850 PRINT E(*) !Electric field in original frame
1860 PRINT
1870 PRINT B(*) !Magnetic field in original frame
1880 END

PROGRAM MGDIPSPHDC

10 OPTION BASE 1
20 DIM Xf(3),Xd(3),M(3),Rds(3,3),Bp(3),Ep(3),B(3),E(3)
30 DIM PI(100XPld(100),Et(3),Bt(3)
40 INPUT "MEDIUM AND SPHERE CONDUCTIVITIES(MHOIM)?",Sm,Ss
50 INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?',MmMs
60 INPUT "POSITION OF FIELD POIN'P?(M)",Xf(*)
70 INPUT "POSITON OF SOURCE POINT?(M)",Xd(*)
80 INPUT "MAGNETIC DIPOLE MOMENT VECI'OR?(AMP-MA2)",M(*)
90 INPUT " SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",AE
100 Err--1.E-6
110 Lmax=EII+l
120 T=Ms/Mm
130 MO=4*PI* 1.E-7
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140 !Only medium constants to here
150 CALL Geomdipsph(Xd(*),M(*),Rds(*),RO,Mr,Mt)
160 CALL Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)
170 Facm=-M0*Mm*(T- 1)/4/PI/A/R/RO
180 REDIM Pl(Lznax),Pld(Lmax)
190 CALL P1_pldot(Lmax- 1,Ct,P1(*),Pld(*))
200 MAT Ep= (0)
210 MAT Bp= (0)
220 Rat=-A*A/R/RO
230 Ratl=Rat
240 L--2
250 MAT Bt= (0)
260 Ratl=Ratl*Rat

280 Bt(1)=-Mt*St*Cp*L*(L-1)*Ratl*Pld(L)*Dt
290 Bt(1)=Bt( 1)+Mr*L*L*(L- 1)*Ratl*PI(L)*Dt
300 Bt(2)=Mt*Cp*(L- 1)*Ratl*(L*(L- 1)*P1(L)-Ct*Pld(L))*Dt
310 Bt(2)=Bt(2)+Mr*St*L*(L 1 )*Pld(L)*Ratl*Dt
320 Bt(3)=-Mt*Sp*(L-1 )*Patl*Pld(L)*Dt
330 MAT Bp= Bp+Bt
340 Nbrl=Bt(1)*Bt(l)
350 Nbr2=Bt(2)*Bt(2)
360 Nbr3=Bt(3)*Bt(3)
370 Dnbl=Bp(1)*Bp(1)
380 Dnb2=Bp(2)*Bp(2)
390 Dnb3=Bp(3)*Bp(3)
400 IF L=LImax THEN 530
410 IF Dnbl=O THEN 430
420 IF Nbrl/Dnbl<'Err*Err THEN
430 IF Dnb2=0 THEN 450
440 IF Nbr2/Dnb2<Err*Err THEN
450 IF Dnb3=0 THEN 470
460 IF Nbr3/Dnb3'zErr*Err THEN
470 GOTO 530
480 END IF
490 END IF
500 END IF
510 L=-i-1
520 GOTO 250
530 Bp( 1)=Facm*Bp( 1)
540 Bp(2)=Facm*Bp(2)
550 Bp(3)=Facm*Bp(3)
560 CALL Geomfldb-e(Ct,StCp,Sp,Bp(*),Ep(*),Rds(*),B(*),E(*))
570 PRINT E(*) MDC electric field in original frame(volt/meter)
580 PRINT
590 PRINT B(*) MDC magnetic field in original frame(tesla.)
600 END
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PROGRAM CRDIPSPHDC

10 OPTION BASE 1
20 DIM Xf(3),Xd(3)XP(3),Rds(3,3),Bp(3),Ep(3),B(3),E(3)
30 DIM P1(100),Pld(100),Et(3),Bt(3)
40 INPUT "MEDIUM AND SPHERE CONDUCTIV1TIES(MHO/M)?",Sm,Ss
50 INPUT "RELATIVE PERMEABILITY OF MEDIUM AN]) SPHERE?",Mm,Ms
60 INPUT "POSITION OF FIELD POINTC?(M)",Xf(*)
70 INPUT "POSITION OF SOURCE POINT?(M)",Xd(*)
80 INPUT "CURRENT DIPOLE MOMENT VECTOR?(AMP-M)",P(*)
90 INPUT " SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",AXEI
100 Err--1.E-6
110 Lmax=EII+1
120 M0=4*PI*1.E-7
130 Facni=MO*Mxn/4/PI/A
140 Face= 1/4/PIIA/Sm
141 T=MsfMm.
150 Ee=Ss/Smn
170 !Only medium constants to here
180 CALL Geomdipsph(Xd(*),P(*),Rds(*),ROPrPt)
190 CALL Geomfldpos(Xf(*),Rds(*),R,CtStCp,Sp)
200 REDIM P1(Lmax),Pld(Lmax)
210 CALL PL-pldot(Lmax- 1 ,Ct,Pl(*),Pld(*))
220 MAT Ep= (0)
230 MAT Bp= (0)
240 Rat=A*A/R/RO
250 Ratl=Rat
260 L--2
270 MAT Et-- (0)
280 MAT Bt= (0)
290 Ratl=Ratl*Rat
300 Dt=1/((T+1)*(L-1)+1)
310 De=1/((Ee+1)*(L-1)+1)
320 Bt(l1)=(T- 1)*Pt*St*Sp*L*Ratl*Pld(L)*Dt
330 Et(lI)=(Ee- 1)*Pr*L*L*(L- 1)*P1(L)*Ratl*De
340 Et(l1)=Et(l1)-(Ee- 1)*Pt*Cp*St*L*(L- 1)*Ratl*Pld(L)*De
350 Bt(2)=Pt*Sp*(Ee- 1)*RatI*Pld(L)/RO*De
360 Bt(2)=Bt(2)-Pt*Sp*(T- 1)*(L*(LI 1)*P1(L)..(t*Pld(L))*RatVR*Dt
370 Et(2)=(Ee-l1)*Pr*St*L*(L 1 )*Rad~*Pld(L)*De
380 Et(2)=Et(2)+(Ee-l1)*Pt*Cp*(L- 1)*R~atl*(L*(L..1 )*Pl(L)-Ct*Pld(L))*De
390 Bt(3)=(Ee-l1)*Pr*St*L*Rad*Pld(L)*De/RO
400 Bt(3)=Bt(3)+(Ee-l1)*Pt*Cp*(L*(L 1 )*P1(L)..Ct*Pld(L))*Rtl/RO*De
410 Bt(3)=Bt(3)-(T- 1)*Pt*Cp*Ratl*Pld(L)IR*Dt
420 Et(3)=-Pt*Sp*(Ee-l1)*(T 1 )*Ratl*Pld(L)*De
430 MAT Bp= Bp+Bt
440 MAT Ep= Ep+Et
450 Nerl=Et(1)*Et(l)
460 Ner2=Et(2)*Et(2)
470 Ner3=Et(3)*Et(3)
480 Dnel=Ep(1)*Ep(1)
490 Dne2=Ep(2)*Ep(2)
500 Dne3=Ep(3)*Ep(3)
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510 Nbrl=Bt(1)*Bt(1)
520 Nbr2=Bt(2)*Bt(2)
530 Nbr3=Bt(3)*Bt(3)
540 Dnbl=Bp(1)*Bp(1)
550 Dnb2=Bp(2)*Bp(2)
560 Dnb3=Bp(3)*Bp(3)
570 IF L=Lmax THEN 790
580 IF Dnbl=0 THEN 600
590 IF Nbrl/Dnbl<Err*Err THEN
600 IF Dnb2--0 THEN 620
610 IF Nbr2/Dnb2<Err*Frr THEN
620 IF Dnb3=0 THEN 640
630 IF Nbr3/Dnb3<Err*Err THEN
640 IF Dnel=O THEN 660
650 IF Nerl/Dnel<Err*Err THEN
660 IF Dne2=0 THEN 680
670 IF Ner2/Dne2<Err*Err THEN
680 IF Dne3=0 THEN 700
690 IF Ner3/Dne3<Err*Err THEN
700 GOTO 790
710 END IF
720 END IF
730 END IF
740 END IF
750 END IF
760 END IF
770 L=L+I1
780 GOTO 270
790 Bp(l)=Facm*Bp(1)/R
800 Ep(1)=Face*Ep(1)/R/RO
810 Bp(2)=Facm*Bp(2)
820 Ep(2)=Face*Ep(2)/R/RO
830 Bp(3)=Facm*Bp(3)
840 Ep(3)=Face*Ep(3)/RO/R
850 CALL Geomfldb_e(Ct,St,Ck,Sp,Bp(*),Ep(*),Rds(*),B(*),E(*))
860 PRINT E(*) !DC electric field in original frame(volt/meter)
870 PRINT
880 PRINT B(*) !DC magnetic field in original frame(tesla)
890 END

10 SUB Geomdipsph(D(*),V(*),R(*),Dm,Vr,Vt)
20
30 !Produces transformation R(*) from general frame with source com-
40 !ponents D(*) and moment components V(*) to the standard frame
50 !with source on the z-axis, radial component Vr, and tangential
60 !component Vt oriented along the positive x-axis.
70
80 OPTION BASE 1
90 DIM R1(3,3),R2(3,3),R3(3,3),Rt(3,3),Vtm(3)
100 MAT RI= (0)
110 MAT R2= (0)
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120 MAT R3= (0)
130 Dh=SQR(D(1)*D(1)+D(2)*D(2))
140 Dm--SQR(Dh*Dh+D(3)*D(3))
150 Std=Dh/Dm
160 Ctd=D(3)/Dm
170 IF Std>1.E-12 THEN
180 Cpd=D(1)IDh
190 Spd=D(2)IDh
200 R1(1,1)=-Cpd
210 R1(1,2)=Spd

*220 R1(2,1)=-Spd
230 R1(2,2)--Cpd
240 R1(3,3)=1
250 R2(1,1)--Ctd

* 260 R2(1,3)-Std
270 R2(2,2)=1
280 R2(3,1)=Std
290 R2(3,3)--Ctd
300 MAT Rt= R*R1
310 ELSE
320 MAT Rt-- IDN
330 END IF
340 MAT Vtm=- Rt*V
350 Vh=SQR(Vtm( 1)*Vtm(l1)+Vtmn(2)*Vtm(2))
360 Vm=SQR(Vh*Vh+Vtmn(3)*Vum(3))
370 IF VhfVm>1.E-12 THEN
380 Cpv=Vttn(1)/Vh
390 Spv=Vtm(2)IVh
400 R3(1,1)--Cpv
410 R3(1,2)=Spv
420 R3(3,1)=0
430 R3(2,1)-Spv
440 R3(2,2)--Cpv
450 R3(3,3)=1
460 ELSE
470 MAT R3= IDN
480 END IF
490 MAT R= R3*Rt
500 Vt=Vh
510 Vr--Vtm(3)
520 SUBEND

10 SUB Geomfldpos(Xf(*),Rds(*),R,Ct,StCp,Sp)
20
30 !Tansforms field point in general frame to special dipole-
40 !Sphere fr-ame and converts it to polar coordinates in that
50 !Frame.
60
70 OPTION BASE 1
80 DIM X(3)
90 MAT X= Rds*Xf
100 Rh=SQR(X( 1)*X( 1)+X(2)*X(2))
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110 R=SQR(Rh*Rh+IX(3)*X(3))
120 St=Rh/R
130 Ct=X(3)/R
140 IF Stz'lE-12 THEN
150 Cp=X(1)/Rh
160 Sp=X(2)/Rh
170 ELSE
180 Cp=1
190 Sp=-0
200 END IF
210 SUBEND

10 SUB Geomfldb-e(CtSCp,SpBp(*)Ep(*),Rds(*),B(*),E(*))
20
30 !Tansforms complex polar coordinate fields in the special
40 !Dipole-sphere frame to cartesian coordinates in that frame
50 !And then rotates the fields back to the original general
60 !Frame.
70
80 OPTION BASE 1
90 DIM Lrds(3,3),Pc(3,3),Et(3,2),Bt(3,2)
100 MAT Irds= LNV(Rds)
110 PC(] -, )=St*Cp
120 Pc(1,2)--Ct*Cp
130 Pc(1,3)-Sp
140 Pc(2,1)=St*Sp
150 Pc(2,2)-Ct*Sp
160 Pc(2,3)--Cp
170 Pc(3,1)=-Ct
180 Pc(3,2)-St
190 Pc(3,3)=0
200 MAT Bt= Pc*Bp
210 MAT Et= Pc*Ep
220 MAT B= h-ds*Bt
230 MAT E= hrAs*Et
240 SUBEND

10 SUB Jcomb(L,UrUiRjrjicrjd)
20 CALL Spherejnz(,UrUiJrJi)
30 CALL Spherejnz(L+1,UrUiJlrJli)
40 Jcr--((L+1)*Jr-(Ur*IJlr-Ui*Jli))IR
50 Jci=((Le-1)*Ji-(Ur*Ji+eUi*J lr))/R
60 SUBEND

10 SUB Hcomb(LUrUiRHrHiHcrHci)
20 CALL Spherehnz(L,UrUiHrHi)
30 CALL Spherehnz(L+1,UrUiHlrHli)
40 Hcr--((L+1 )*H~r-!Jr*Hlr..Ui*Hli))IR
50 Hci=((Li1 )*I(rUr*Hli+Ui*Hlr))/R
60 SUBEND

A-14



NCSC TR 426-90

10 SUB Spherejnz(N,Zr,ZiSjrSji)
20 CALL Jnuevrywhr(N+.5,ZrZi,JrJi)
30 Dm=Zr*cZr+Zi*Zi
40 Ur=-Zr/D)m
50 Ui=-Zi/Dm
60 Nm=SQR(Ur*Ur+Ui*Ui)
70 Sur--SQR((Nm+Ur)/2)
80 Sui=SGN(Ui)*SQR(ABS(Nm-Ur)/2)
90 Sjr--SQR(PII2)*(Sur*Jr-Sui*Ji)
100 Sji=SQR(P112)*(Sur*Ji+Sui*Jr)
110 SUBEND

10 SUB Spherehnz(NZrZi,ShrShi)
20 CALL Hnuevrywhr(N+.5,ZrAHYirJ)
30 Dni=Zr*Zr+Zi*Zi
40 Ur=-Zr/Dm
50 Ui=-ZiIADr
60 Nm=SQR(Ur*Ur+Ui*Ui)
70 Sur--SQR((Nm+Ur)/2)
80 Sui=SGN(Ui)*SQR(ABS(NnI-Ur)I2)
90 Shr--SQR(PII2)*(Sur*Hr-Sui*Hi)
100 Shi=SQR(Pl t2)*(Sur*Hi+SUi*Hr)
110 SUBEND

10 SUB Jnuevrywhr(NuZrgZijrJi)
20 Zrnag=SQR(Zr*Zr+Zi*Zi)
30 IF Nu<10 THEN
40 IF Zmag<10 THEN
50 CALL Jnu(Nu,ZrZiJrJi, 1 E-28)
60 ELSE
70 IF Nu=O THEN
80 CALL Jnasy(NuZrZi,JrJi,5)
90 ELSE
100 CALL Jfiuniasym(Nu,ZrZJrJi,5)
110 END IF
120 END IF
130 ELSE
140 CALL Jfiuniasym(Nu,ZrZiJrJi,5)
150 END EF
160 SUBEND

10 SUB Hnuevrywhr(NuZrZiHrHi)
20 Zmag=SQR(Zr*Zr+Zi*Zi)
30 IF Nu<10 THEN
40 IF Zmag<10 THEN
50 CALL Hlnu(NuZrZHrlHi,1.E-28)
60 ELSE
70 IF Nu=0O THEN
80 CALL Hlnasy(Nu,Zr,Zi,H-rhi,5)
90 ELSE
100 CALL Hm(un Zr(N,Zri~rlhi,5)
110 ENDIEF
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120 END IF
130 ELSE
140 CALL Hm(uns ZrZiU lhi,5)
150 END IF
160 SUBEND

10 SUB PI pIdot(N,XPI(*)gPldot(*))
20 P1(1)=T
30 IF N-O THEN 60
40 P1(2)=X
50 IF N=1 THEN 80
60 Pldot(1)=0
70 IF N=OTHEN 170
80 Pldot(2)=1
90 IF N=1 THEN 170
100 FOR L--3TON+1
110 C1=1/(L-1)
120 C2=1-C1
130 C3=2-Cl
140 P1(L)--C3*X*P1(L- 1)2*PI(L.2)
150 Pldot(L)=(C3*X*Pldot(L- 1)-Pldot(L-2))/C2
160 NEXTL
170 SUBEND

10 SUB Nde(Lmax,Klr,KliK2rK2iMur.,RNdea(*))
20 Ulr=-Klr*R
30 Uli=Ki- R
40 U2r=K-r*R
50 U2i=K2i*R
60 FORL-l TO Lmax
70 ON ERROR GOTO 110
80 CALL Spherejnz(L-1,UlrUliJlr,Jli)
90 CALL Spherejnz(L,UlrUliJl lrJ1 li)
100 GOTO 140
110 Jlrat=0
120 Jlrati=1
130 GOTO 190
140 Dm-=JlrIJlr+Jli*Jli
150 Rpr-=Jlr/Dm
160 Rpi-Jli/Dm
170 Jlratr=-Rpr*J1 1r-Rpi*J1 li
180 Jlrati=Rpr*J1 li+Rpi*J1 ir
190 OFF ERROR
200 CALL Spherejnz(L-1,U2r,U2iJ2rJ2i)
210 CALL Spherejnz(LU2rU2iJ2lrJ2li)
220 CALL Spherebnz(L-1,U2r,U2iMrH2i)
230 CALL Spherehnz(L,U2rU2iH2lrH2li)
240 Nb 1r=L*J2r-(U2r*J21r-U2i*J2 ii)
250 Nbli=L*J2i-(U2r*J2 li+U2i*J2lr)
260 Nb2r--L-(Ulr*Jlratr-Uli*Jlrati)
270 Nb2i=-(U1i*J lrati+Uli*Jlratr)l
280 Topr=-Mur*Nb 1r-(J2r*Nb2r-J2i*Nb2i)
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290 Topi=Mur*Nb 1i-(J2r*Nb2i+J2i*Nb2r)
300 Db 1r=L*H2r-(U2r*IH2 1r-U2i*H2 ii)
310 Db 1i=L*H2i-(LJ2r*H2 li+U2i*H2 ir)
320 Btmr--Mur*Db 1r-(H2r*Nb2r-H2i*Nb2i)
330 Btmi=Mur*Db 1i-(H2r*Nb2i+H2i*Nb2r)
340 Bm=Btmr*Btmnr+Btmi*Bti
350 Rbmr--Btrnr/Bm
360 Rbmi-BtmilBm
370 Ndea(L, 1)=-(Topr*Rbmr-Topi*Rbrni)
380 Ndea(L,2)=-(Topr*Rbmi+Topi*Rbmr)
390 NEXTL
400 SUIBEND

10 SUB Ndm(Lmax,Klr,Kli,K~r,K2iMurR,Ndma(*))
20 Ulr=-Klr*R
30 Uli=Kli*R
40 U2r=-K2r*R
50 U2i=K2i*R
60 Klsqr-=Klr*Klr-Kli*Kli
70 Klsqi=2*Klr*Kli
80 K2sqr--K2r*K2r-K2i*K2i
90 K2sqi=2*K2r*K2i
100 Dm=Klr*Klr+Kli*Kli
110 Rpr-=Klr/Dm
120 Rpi=-KliIDm
130 Ep2r--Rpr*K2r-Rpi*K2i
140 Ep2i=Rpr*K2i+Rpi*K2r
150 FOR L--ITOLma x
160 ON ERROR GOTO 200
170 CALL Spherejnz(L- 1,U lr,UliJlr,Jli)
180 CALL Spherejnz(L,UlrUliJ1 lrJl ii)
190 GOTO 230
200 Jlraur=0
210 Jlrati=1
220 GOTO 280
230 Dm=JlrJ*Jlr+Jli*Jli
240 Rpr-=Jlr/Dm
250 Rpi=-J1I/Dr
260 Jlratr--Rpr*J1 1r-Rpi*J1 li
270 Jlrati=Rpr*J1 li+Rpi*J1 Ir
280 OFF ERROR
290 CALL Spherejnz(L-1,U2r,U2iJ2rJ2i)
300 CALL Spherejnz(L,U2rU2iJ2lrJ2li)
310 CALL Spherehnz(L- 1,U2r,U2i.H~rHi)
320 CALL Spherehnz(L,U2rU2iH2lrH2li)
330 Nb 1r=L*J2r-(U2r*J21r-U2i*J21i)
340 Nb 1i=L*J2i-(U2r*J21i+U2i*J2 ir)
350 Nb2r--L-(U 1r*Jlratr-Uli*Jlrati)
360 Nb2i=-(Ulr*Jlrati+Uli*Jlratr)
370 Nfacr--Mur*(Ep2r*J2r-Ep2i*J2i)
380 Nfaci=Mur*(Ep2r*J2i+Ep2i*J2r)
390 Topr--Nb 1r-(Nfacr*Nb2r-Nfaci*Nb2i)
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400 Topi=Nbl1i-(Nfacr*Nb2i+Nfaci*Nb2r)
410 Dblr=-L*f2r-(U2r*H21r-U2i*H21i)
420 Db 1i=L*f12i-(U2r*H21i+U2i*H2 ir)
430 Dfacr--Mur*(Ep2r*H2r-Ep2i*H2i)
440 Dfaci=Mur*(Ep2r*H2i+Ep2i*H2r)
450 Btmr--Db lr-(Dfacr*Nb2r-Dfaci*Nb2i)
460 Btmi=Db li-(Dfacr*Nb2i+Dfaci*Nb2r)
470 Bm=Btmr*Btmr+Btmi*Btmi
480 Rbmr=BtmrfBni
490 Rbmi=-Btrni/Bm
500 Ndma(L, 1)=-(Topr*Rbmr-Topi*Rbmi)
510 Ndma(L,2)=-(Topr*Rbmi+Topi*Rbmr)
520 NEXTL
530 SUBEND

10 SUB Ndeieon(Lmax,K2rK2iR,Ndea(*))
20 U2r--K2r*"R
30 U2i=K2i*R
40 FOR L--1 TO Linax
50 CALL Spherejnz(L-1,U2r,U2iJ2r,J2i)
60 CALL Spherehnz(L-1,U2r,U2iH2rH2i)
70 Den=H2r*112r+H2i*H2i
80 Ih2r--H2r/Den
90 !h2i- 1-2ifDen
100 Ndea(L, 1)=-(J2r*W~hr-J2i*1h2i)
110 Ndea(L,2)=-(J2r*Ih2i+J2i*Ih2r)
120 NEXT L
130 SUBEND

140 SUB Ndmicon(Lmax,K2r,K~iRNdma(*))
150 U2r--K2r*R
160 U2i=K2i*R
170 FOR L=1 TO Lmax
180 CALL Spherejnz(L- 1,U2r,U2iJ2r,J2i)
190 CALL Spherejnz(L,U2rU2iJ2lrJ21 i)
200 CALL Spherehnz(L-1,U2r,U2iH2r11i)
210 CALL Spherehnz(L,U2r,U2iH2lrH~li)
220 A=U2r*12 1r-U2i*H21i
230 B=U2r*H2li+U2i*H2lr
240 C=H2r*L-A
250 D=H2i*L-B
260 Den=C*C+D*D
270 Ihr=-C/Den
280 Ihi-D/Den
290 A=U2r*J2 1r-U2i*J21i
300 B=U2r*J21i+U2i*J21r
310 C=J2r*L-A
320 D=J2i*L-B
330 Ndma(L, 1)=-(C*1hr-D*Lhi)
340 Ndma(L,2)=-(C*Ihi+D*Ihr)
350 NEXT L
360 SUBEND
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SERIES REPRESENTATIONS(v < 10, I zj < 10)

The Bessel functions of the first kind J,(z) can be constructed from the series representation

JV~z) 4(Al)(Tk-0ktF(v T k T 1). (1

The Hankel function, or Bessel function of the third kind for "outgoing waves", Hv)(z) is
related to J.(z) and the Bessel functions of the second kind, Y(z), by

H,()(z) = .4(z) + i Y(z). (A2)

For non-integral values of v, Y,(z) can be defined by

.=(z) cos(vt) - J,(z)Y,(z) = si~,)(A3)
sin(vn)

but for integer values of v, it is necessary to use the more complicated expression

YR(z)= F'o(n-k-111 4) x 2 z

o=( (k + 1) +4(n +k + )}
71 k=O ' ' ~k!(n+k)!

(A4)

where xV(n) is given by

n-I1
V(1) =-7 , V(n) =-7+ .-, (n;> 2), (A5)

k=lk

and y is the Euler constant 0.577215664901532860606512.

In the following seven subroutines, the functions Jr(z) and H')(z) are generated. Use of these
routines has been restricted to cases where the magnitudes of v and z do not exceed 10. For larger
values of v and z, various asymptotic techniques are used. The discussion of these begins below,
after the series expansion routines.
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10 SUB Jn(NZzrZziJnr,Jni,Err)
20 !N is the (Integer) order.
30 !Zzr and Zzi are the real and imaginary parts of the argument.
40 !Jnr and Jni are the real and imaginary parts of the Bessel function.
50 !Err is the relative truncation error in the truncation of the series
60 !expansion of the Bessel function.
70 M=0
80 Zr=Zzr/2
90 Zi=Zzi/2
100 U2=Zi*Zi-Zr*Zr
110 V2=-2*Zr*Zi
120 IF N=0 THEN
130 Tr=1
140 Ti=0
150 Dr=Tr
160 Di=Ti
170 ELSE
180 U=1
190 V=O
200 FOR L=1 TO N
210 Ut=U*Zr-V*Zi
220 Vt=U*Zi+V*Zr
230 U=UtIL
240 V=Vt/L
250 NEXT L
260 Tr=U
270 Ti=V
280 Dr=Tr
290 Di=Ti
300 END IF
310 M=M+I
320 Ttr=-(Tr*U2-Ti*V2)/M/(M+N)
330 Tti=(Tr*V2+Ti*U2)/M/(M+N)
340 "IrfTtr
350 Ti=Tti
360 Dr=lDr+Tr
370 Di=Di+Ti
380 IF (Tr*Tr+Ti*Ti)/(Dr*Dr+Di*Di)<Err*Err THEN 400
390 GOTO 310
400 Jnr=-Dr
410 Jni=Di
420 SUBEND

10 SUB Hln(N,ZzrZziHlnr,Hlni,Err)
20 !N is the (Integer) order
30 !Zzr and Zzi are the real and imaginary parts of the argument.
40 !Hlnr and HIni are the real and imaginary parts of the Bessel
50 !function. Err is the relative truncation error in the truncation
60 !of the series expansion of the Bessel function.
70 M=0
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80 Zr=-Zzr/2
90 Zi=Zzi/2
100 P1=0
110 P2=0
120 CALL Prinlogz(Zr,Zi,]LrLi)
130 Gain=.57721566490l533
140 Cr--PI-2*Li
150 Cii=2*(Gaxn+Lr)
160 U2=Zi*Zi-Zr*Zr
170 V2=-2*Zr*Zi
180 IF N=O THEN
190 Sr=0o
200 Si=0
210 Pwr=1l
220 Pwi=0
230 Dr--Cr
240 Di=Cui
250 ELSE
260 U=1
270 V=
280 Nm=1
290 FOR L--1TO N
300 Ut=U*Zr-V*Zi
310 Vt=U*Zie+V*Zr
320 U=Ut/L
330 V=Vt/L
340 P2=P2+1/L
350 Nm=Nm*L
360 NIEXTL
370 Dn=U*U+V*V
380 Uu=-V/Dn/Nm
390 Vv-UIIDn/Nm
400 Nm=Nin/N
410 Pwr=-U
420 Pwi=V
430 Sr--Nm*Uu
440 Si=Nm*Vv
450 Dr-C*pw(Cii-.P2)*Pwi+Sr
460 Di--Cr*Pwi+(Cii-P2)*Pwr+Si
470 END IF
480 M=M+1
490 P1=P1+1/M
500 P2=P2+1/(N+M)
510 Pwr=(Pw*U2-Pw*V2)fM/(M+N)
520 Pwit=(Pwr*V2+Pwi*U2)IM/(M+N)
530 Pwvr-Pwrt
540 Plwi=Pwit
550 Ci--Cii-P1-P2
560 Tr--Pwr*Cr-Pwi*Ci
570 Ti=Pwi*Cr+Pwr*Ci
580 Dr--Dr+Tr
590 Di=Di+Ti
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600 IF M<N THEN
610 Ssr=-(Sr*U2-Si*V2)/M/(N-M)
620 Ssi=-(Sr*V2+Si*U2)/M/(N-M)
630 Sr=Ssr
640 Si=Ssi
650 ELSE
660 Sr=0
670 Si=0
680 END IF
690 Dr=Dr+Sr
700 Di=Di+Si
710 IF (Tr*Tr+Ti*Ti)/Dr*Dr+Di*Di)<Err*Err THEN 730
720 GOTO 480
730 Hlnr=-Dr/PI
740 Hlni=Di/PI
750 SUBEND

10 SUB Jnu(Nu,Zzr,ZziJnurJnuiErr)
20 !Nu is the order
30 !Zzr and Zzi are the real and imaginary parts of the argument.
40 !Jnur and Jnui are the real and imaginary parts of the Bessel
50 !function. Err is the relative truncation error in the truncation
60 !of the series expansion of the Bessel function.
70 M--0
80 Zr=-Zzr/2
90 Zi=Zzi/2
100 U2=Zi*Zi-Zr*Zr
110 V2=-2*Zr*Zi
120 U-I
130 V=O
140 Dn-l
150 Dr=-I
160 Di=0
170 M=M+I
180 Ut=U*U2-V*V2
190 Vt=U*V2+V*U2
200 U-Ut
210 V=Vt
220 Dn=Dn*(Nu+M)*M
230 Tr=U/Dn
240 Ti=V/Dn
250 Dr=-Dr+Tr
260 Di=Di+Ti
270 IF (ABS(Tr)+ABS(Ti))/(ABS(Dr)+ABS(Di))<Err THEN 290
280 GOTO 170
290 Jnur=Dr
300 Jnui=Di
310 N=INT(Nu)
320 Eps=Nu-N
330 CALL Gamma(Nu- 1,GO)
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340 CALL Prinlogz(ZrZiLzr,zi)
350 Mo=EXP(Eps*Lzr)
360 Ph=Eps*Lzi
370 Cr--Mo*COS(Ph)
380 Ci=Mo*SIN(Ph)
390 M=0
400J Jr-(C*Jnur-C*Jnu)/GO(
410 Ji=(Cr*Jnui+Ci*Jnur)/GO
420 U=1
430 V=0O
440 IF N<O TEN 570
450 IF N=O THEN 670
460 U=Zr
470 V=Zi
480 M=M+1
490 IF M=N THEN 670
500 Ut=U*Zr-V*Zi
510 Vt=U*Zi+V*Zr
520 U=Ut
530 V=Vt
540 M=M+l
550 LF M=N THEN 670
560 GOTO 500
570 Ut=U*Zr-V*Zi
580 Vt=U*Zi+V*Zr
590 U=Ut
600 V=Vt
610 M=M-1
620 IF M=N THEN 640
630 GOTO 570
640 Dnxn=U*U+V*V
650 U=U/Dnmn
660 V=-V/Dn
670 Jnur--U*Jr-V*Ji
680 Jnui=U*Ji+V*Jr
690 SUBEND

10 SUB Hlnu(Nu,Zr,ZiHlnur,HlnuiErr)
20 !See Jnu.
30 CALL Jnu(Nu,ZrZiJrJiErr)
40 CALL Jnu(-NuZrZi,JmrJmiErr)
50 C=CQS(Nu*PI)
60 S=SIN(Nu*PI)
70 Hi nur--Jr-(C*Ji-Jmi)/S
80 Hi nui=Ji+(C*Jr-Jnmr)/S
90 SUBEND
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10 SUB Prinlogz(ZrZi,LzrLzi)
20 Lzr=LOG(Zr*Zr+Zi*Zi)/2
30 CALL Atn2(ZrZiLzi)
40 SUBEND

10 SUB Atn2(X,YTheta)
20 IFX=O THEN
30 IF Y<O THEN
40 Theta=-PI/2
50 ELSE
60 Theta=PI/2
70 ENDIF
80 GOTO 200
90 ENDIF
100 Theta=ATN(Y/X)
110 IF X>=0 THEN
120 Theta=Theta
130 ELSE
140 IF Y>--0 THEN
150 Theta=Theta+PI
160 ELSE
170 Theta=Theta-PI
180 END IF
190 ENDIF
200 SUBEND

10 SUB Gamma(X,G)
20 OPTION BASE 1
30 !
40 !Computes Gamma(x) for any real x(where defined).
50 !Precision is 1E-12
60 !
70 DIM A(20),Z(20)
80 IF X=I THEN
90 G=1
100 GOTO 540
110 END IF
120 IF X>=1 THEN
130 Xx=X
140 Y=1
150 Xx=Xx-I
160 IF Xx>=0 AND Xx<=l THEN GOTO 280
170 Y-Xx*Y
180 Xx=Xx-I
190 GOTO 160
200 ELSE
210 Xx=X-1
220 Y=I
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230 Xx=Xx+l
240 Y=Y/Xx
250 IF Xx>=0 AND Xx<=l THEN 280
260 GOTO 230
270 END IF
280 A(1)=1
290 A(2)=.57721566490
300 A(3)=-.65587807152
310 A(4)=-.04200263503
320 A(5)=.16653861138
330 A(6)=-.04219773456
340 A(7)=-.00962197153
350 A(8)=.00721894325
360 A(9)=-.001 16516759
370 A(10)=-.00021524167
380 A(1 1)=.00012805028
390 A(12)=-.00002013485
400 A(13)=-.00000125049
410 A(14)=.00000113303
420 A(15)=-.00000020563
430 A(16)=.00000000612
440 A(17)=.00000000500
450 A(18)=-.00000000118
460 A(19)=.00000000010
470 A(20)=.00000000001
480 Z(1)=Xx
490 FOR I=2 TO 20
500 Z(I)=Xx*Z(-1)
510 NEXTI
520 Gi=DOT(AZ)
530 G=-Y*Xx/Gi
540 SUBEND

ASYMPTOTIC REPRESENTATIONS (v < 10,I z > 10)

For v < 10 and large values of z, the following asymptotic expansions are useful

J,(z) = P (v, z) cos -(Vz)sin X} (A6)

and

Hv(')(z) = {P (v, z) + iQ (v, z)}e iz (A7)

where X = z -and, with p = 4v2 , the functions P (v, z) and Q (v, z) are given by
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k=OZ- - ) (v,2) (8

k=O (2z)2*1

and

and

(v,l)=k-l , (v,3)=(ji-1)(ji-9)(g- 2 5 ) (All1)
3!

The next four subroutines apply these expressions to the calculation of the Bessel functions.

10 SUB Jnasy(NZr,Zijnrjni,Trms)
20 !Note: Valid for arbitrary real N
30 !Zr and Zi real and imaginary parts of argument
40 !Jnr and Jni real and imaginary parts of the Bessel function.
50 !Trms is the number of terms retained in the asymptotic expansion.
60 CALL Pnz(N,Zr,Zi,Pnr,PniTrms)
70 CALL Qnz(N,Zr,Zi,Qnr,Qni,Trms)
80 Chir--Zr-(2*N+ 1) *P1/4
90 Chii=Zi
100 E=EXP(Chii)f2
110 Ei= 1/4/E
120 C=COS(Chir)
130 S=SIN(Chir)
140 Cor--C*(E+Ei)
150 Coi=-S*(E-Ei)
160 Sir--S*(E+Ei)
170 Sii=C*(E-Ei)
180 Uth--Pnr*Cor-Pni*Coi-Qnr*Sir+Qni*Sii
190 Utli=Pnr*Coi+Pni*Cor-Qnr*Sii-Qni*Sir
200 Zm=-SQR(Zr*Zr+Zi*Zi)
210 Aa=SQR((ZmeZr)t2)
220 Bb=SQR((Zm-Zr)/2)
230 Cc=Aa*Aa+iBb*Bb
240 Dd=SQR(2/PI)/Cc
250 Jnr=-Dd*(Utlr*Aa+Utli*Bb)
260 Jni=Dd*(-Utlr*Bb+Utli*Aa)
270 SUBEND
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10 SUB Hlnasy(N,ZrZiHlnr,HlniTrmis)
20 !Note: Valid for arbitrary real N
30 !Zr and Zi real and imaginary parts of argument
40 !Hlnr and Hini real and imaginary parts of the Bessel function.
50 !Trms is the number of terms retained in the asymptotic expansion.
60 CALL Pnz(NZr,Zi,Pnr,Pni,Trms)
70 CALL Qnz(N,ZrZi,QnrQni,Trms)
80 Chir--Zr-(2 *N+ 1) *P1A
90 Chii=Zi
100 E=EXP(-Chii)
110 C=COS(Cbir)
120 S=SIN(Cbir)
130 Utlr=-(Pnr-Qni)*C-(Pni+Qnr)*S
140 Utli=(Pnr-Qni)*S+(Pni+Qnr)*C
150 Zm=-SQR(Zr*Zr+Zi*Zi)
160 Aa=SQR((Zm+Zr)12)
170 Bb=SGN(Zi)*SQR((Zm-Zr)/2)
180 Cc=,Aa*Aa+Bb*Bb
190 Dd=E*SQR(2/PI)/Cc
200 Hlnr--Dd*(Uthr*Aa+Utli*Bb)
210 Hini=Dd*(-Utlr*Bb+Utli*Aa)
220 SIJBEND

10 SUB Pnz(N,Zr,Zi,Pnr,PniTrms)
20 !Used with Jnasy and Hinasy.
30 M=0O
40 Mu--4*N*N
50 Tr--1
60 Ti=0
70 Dr--Tr
80 Di=Ti
90 U2=64*(Zr*Zr-Zi*Zi)
100 V2=128*Zr*Zi
110 Dn=U2*U2+V2*V2
120 U=-U2/Dn
130 V=V2/Dn
140 M=M+2
150 Ttr--Tr*U-Ti*V
160 Tti=Tr*V+Ti*U
170 Tr--TtrfM/(M-1)
180 Ti=Tti/M(M-1)
190 Fac=1
200 FOR 1= 1 TO 2*M- I STEP 2
210 Fac=Fac*(Mu-I*I)
220 NEXT I
230 Dr--Dr+Tr*Fac
240 Di=Di+Ti*Fac
250 IF M/2+ I<Trms THEN 140
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260 Pnr=Dr
270 Pni=Di
280 SUBEND

10 SUB Qnz(NZrZi,QnrQniTrms)
20 !Used with Jnasy and Hlnasy.
30 M=l
40 Mu--4*N*N
50 Dnm=8*(Zr*Zr+Zi*Zi)
60 Tr=Zr/Dnm
70 Ti=-Zi/Dnm
80 Dr=Tr*(Mu-1)
90 Di=Ti*(Mu-1)
100 U2=64*(Zr*Zr-Zi*Zi)
110 V2=128*Zr*Zi
120 Dn=U2*U2+V2*V2
130 U=-U2/Dn
140 V=V2/Dn
150 M=M+2
160 Ttr=-Tr*U-Ti*V
170 Tti=Tr*V+Ti*U
180 Tr=-Ttr/M/(M-1)
190 Ti=TtiM/(M- 1)
200 Fac=l
210 FOR 1=1 TO 2*M-1 STEP 2
220 Fac=Fac*(Mu-I*I)
230 NEXT I
240 Dr=-Dr+Tr*Fac
250 Di=Di+Ti*Fac
260 IF (M+1)/2<Trms THEN 150
270 Qnr=-Dr
280 Qni=Di
290 SUBEND

UNIFORM SYMPTOTIC REPRESENTATION (v > 10, 1 zI > 10,v > I zI)

Abramowitz and StegunÂ give uniform asymptotic expansions for the modified Bessel

functions Ih(z) and K,(z). These functions can be used to generate the functions Jr(z) and H, )(z) by

means of the identities

J,(z) = e21l(zeT) (A12)

and

Hv')(z) =. e2Kze &) (A13)
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where the argument of z is restricted to -r/2 < arg z < i. This restriction causes no problem, since
the argument of z in electromagnetic applications is limited to 0: arg z < /2.

The uniform asymptotic expansions for I(z) and K,(z) are given by (w = z/v)

l (z ) ~ 2 v il1 + w 1 -- 1k (A 14 )

and

k -1 (t) (A15)
2 1W2,1k-=1 Vk

where

t and =1+ (A16)

The asymptotic representation of the product of J and Hv1 )can be constructed from the product
of their asymptotic representations, and this will help avoid overflow and underflow problems in
computations. The product is

( ) -2i - zJvz),(')z e;Iz -)K~fe t (A17)

where

_____________ _1+ +_ _ (A18)
) )2w (l +w2)(1 +w2) , vk  k1, vk

The functions uk(t) are defined by

uo(t)= 1 (A19)

and

uk+*t- t (l _ t2)uk(t) + fdc( - e)uk(,). (A20)
2 ' 8 0

Atrz '=cwi and Stegun l̂ give the functions uk for values of k = 0 thru 4 and give references
for k = 5 and 6. The following is a general method for generating uk for any k. Use the representation
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uk(t) = akot* + ak, ltk+2 .. + k+2i + .kk+ (A21)

Then the coefficients are given by the following recursion formulas

a,+,.0=a.k-+ 8 (k+ 1)1 (A22)

a. ~j=a,, k +2i + I l k~jk +2(i -1) 5 1(23
a = 2 8(k+1+2i)] k 1 2 8(k+1+2i)]

and

ak~lh --'ak + 8(k + 1 +2{k + 1})] (4)

where i = 1,2,...,k.

10 SUB Jfiuniasym(NuZrZiJrJiTrms)
20 !Nu is the order.
30 !Zr and Zi real and imaginary parts of argument
40 !Jr and Ji real and imaginary parts of the Bessel function.
50 !Trms is the number of terms retained in the asymptotic expansion.
60 DIM A(10,10),U(10,2),T(30,2)
70 REDIM A(Trms,Trms),U(Trms,2),T(3*Trms,2)
80 Wr=Zi/Nu
90 Wi=-Zr/Nu
100 Ur=l +Wr*Wr-Wi*Wi
110 Ui=2*Wr*Wi
120 Um=SQR(Ur*Ur+Ui*Ui)
130 Radr=SQR((Um+Ur)/2)
140 Radi=SGN(Ui)*SQR((Um-Ur)/2)
150 Radm=Radi*Radi+Radr*Radr
160 Sradm=SQR(Radm)
170 Radrtr=SQR((Sradm+Radr)/2)
180 Radrti=SGN(Radi)*SQR((Sradm-Radr)/2)
190 Radrtm=Radrtr*Radrtr+Radrti*Radrti
200 Iradrtr=Radrtr/Radrtm
210 Iradrti=-Radrdi/Radrtm
220 Tr=-Radr/Radm
230 Ti=-Radi/Radm
240 Dnr=l1+Radr
250 Dni=Radi
260 Dnm=Dnr*Dnr+Dni*Dni
270 Nmrr=Dnr/Dnm
280 Nmi=-Dni/Dnm
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250 Dni=Radi
260 Dn=Dnr*Dnr+Dni*Dni
270 NrrDnr/D)n
280 Nrni=-Dni/Dn
290 Argr--Wr*Nmr-Wi*Nmi
300 Argi=Wr*Nmi+Wi*Nmr
310 CALL Prinlogz(ArgrMgiLgrLgi)
320 Etar--RadriLgr
330 Etai=RadiILgi
340 CALL Ukcoefs(Trms,A(*))
350 CALL Uk(TrTiTrmsA(*),T(*),U(*))
360 Duxnr=0
370 Durni=0
380 Nufac=Nu
390 FOR 1=1 TO Trms
400 Nufac=NufacfNu
410 Dumr--Dumr+U(I, 1)*Nufac
420 Dumi=Duxni+U(I,2)*Nufac
430 NEXT I
440 E=EXP(Nu*Etar)
450 Co=COS(Nu*Etai)
460 Si=SIN(Nu*Etai)
470 Fac= 1/S QR(2*PI*Nu)
480 Facr=-Fac*E*(Co*lradrtr-Si*lradrti)
490 Faci=Fac*E*(Co*Lradrti+Si*Iradrtr)
500 Inur--Facr*Dumr-Faci*Dumi
510 Inui=Facr*Dumi+Faci*Dumr
520 Cn=COS(Nu*PI/2)
530 Sn=SIN(Nu,*PI/2)
540 Jr--Cn*Inur-Sn*Inui
550 Ji=Cn*Inui+Sn*Inur
560 SUBEND

10 SUB Htlwniasym(Nu,ZrZi,HlrHliTrms)
20 !Nu is the order.
30 !Zr and Zi real and imaginary parts of argument
40 !Hlr and Hli real and imaginary parts of the Bessel function.
50 !Trms is the number of terms retained in the asymptotic expansion.
60 DIM A(10,l0),U(10,2),T(30,2)
70 REDIM A(Trms,Trms),U(Trms,2),T(3*Trms,2)
80 Wr=-Zi/Nu
90 Wi=-ZrINu
100 Ur= 1 +Wr*Wr-Wi*Wi
110 Ui=2*Wr*Wi
120 Um=SQR(Ur*Ur+Ui*Ui)
130 Radr--SQR((Um+Ur)/2)
140 Radi=SGNQUi)*SQR((Um-Ur)/2)
150 Radm=Radi*Radi+Radr*Radr
160 Sradx=SQR(Radm)
170 Radrtr--SQR((Sradm-iRadr)/2)
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180 Radrti=SGN(Radi)*SQR((Sradm-Radr)f2)
190 Radrtmn=Radrtr*Radrtr+Radrti*Radrti
200 Iradrtr--Radrtr/Radrtm
210 Iradrti=-Radrti/Radrtm
220 Tr=-Radr/Radm
230 Ti=-Radi/Radm
240 Dnr=-i-Radr
250 Dmi=Radi
260 Dnm=Dnr*Dnr+Dmi*Dni
270 Nmr--Dnr/Dn
280 Nmi=-Dni/Dnm
290 Argr=-Wr*Nnir-Wi*Nmi
300 Argi=Wr*Nmi+Wi*Nmr
310 CALL Prinlogz(Argr,ArgiLgrLgi)
320 Etar--Radr+Lgr
330 Etai=Radi-iLgi
340 CALL Ukcoefs(TrmisA()
350 CALL Uk(TrTiTrmsA(*),T(*),U(*))
360 Dumr=0
370 Dumi=0
380 Nufac-Nu
390 FOR 1=1 TO Trms
400 Nufac-Nufac/Nu
410 DurrDumr+U(I, 1)*Nufac
420 Dumi=Dumi+U(I,2)*Nufac
430 NEXT 1
440 E=EXP(-Nu*Etar)
450 Co=COS(Nu*Etai)
460 Si=-SLN(Nu*Etai)
470 Fac=SQR(PI/2INu)
480 Facr--Fac*E*(Co*Iradrtr-Si*lrat)
490 Faci=Fac*E*(Co*Iradrti+Si*Iradrtr)
500 Knur--Facr*Dumr-Faci*Dumi
510 Knui=Facr*Dumi+Faci*Dumr
520 Cn=COS(Nu*P12)
530 Sn=-SIN(Nu*P1/2)
540 Jr--Cn*nurSn*Knui
550 Ji=Cn*Knui+Sn*Knur
560 Hlr=-2*Ji/PI
570 Hli=-2*Jr/P1
580 SUBEND

10 SUB Jhlproduni(NuNupZrZiZpr,Zpi,ProdrProdiTrms)
20 !Nu and Nup are the orders of the two Bessel functions in the
product.
30 !Zr and Zi are the real and imaginary parts of the argument of one
40 !factor and Zpr and Zpi are those for the other factor.
50 !Prodr and Prodi are the real and imaginary parts of the Bessel
60 !function product.
70 !Trms is the number of terms retained in the asymptotic expansion.
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80 DIM A(10,10),U(1O,2),T(30,2)
90 REDIM A(Trms,Trms),U(Trms,2),T(3*Trmfs,2)
100 Wr--Zi/Nu
110 Wi=-ZrfNu
120 Ur=1 +Wr*Wr-Wi*Wi
130 Ui=2*Wr*Wi
140 Um=SQR(Ur*cUr+Ui*Ui)
150 Radr--SQR((Um+Ur)f2)
160 Radi=SGN(Ui)*SQR((Um-Ur)f2)
170 Radm=Radi*Radi+Radr*Radr
180 Sradm=SQR(Radm)
190 Radrtr=-SQR((Sradm+Radr)/2)
200 Radrti=SGN(Radi)*SQR((SradlIRadr)t2)
210 Radrtrn=Radrtr*Radrtr+Radrti*-Radrt-
220 Iradrtr-R- r /AdrM
230 Iradrti=-Radrti/Radrtm
240 Tr--RadrfRadm
250 Ti=-Radi/Radni
260 Dnr=1I+Radr
270 Dni=Radi
280 Dn=Dnr*Dnr+Dni*Dmi
290 Nmr--Dnr/Dn
300 Nmi=-Dni/Dn
310 Argr--Wr*Nmr-Wi*Nmi
320 Argi=Wr*Nmi+Wi*Nmlr
330 CALL Prinlogz(ArgrArgiLgrLgi)
340 Etar--Radr+Lgr
350 Etai=Radi+Lgi
360 CALL Ukcoefs(TrmsA(*))
370 CALL Uk(TrTiTrms,A(*),T(*),U(*))
380 Dumr=0
390 Durni=0
400 Nufae=Nu
410 FOR I=l TO Trms
420 Nufac=NufaclNu
430 Dumr--Dumr+U(I, 1)*Nufac
440 Dunii=Dumi+U(I,2)*Nufac
450 NEXT 1
460 MAT U= (0)
470 Wr--Zpi/Nup
480 Wi=-ZprfNup
490 Ur= 1 r*rWiW
500 Ui=2*Wr*Wi
510 Um=SQR(Ur*Ur+Ui*Ui)
520 Radr--SQR((Unh+Ur)12)
530 Radi=SGN(Ui)*SQR((Um-Ur)/2)
540 Radm=Radi*Radi+Radr*Radr
550 Sradm=SQR(Ram
560 Radrtr--SQR((Sradn+Radr)/2)
570 Radrti=SGN(Radi)*SQR((Sradxn-Radr)t2)
580 Radrtm=Radrtr*Radrtr+Radlti*Radrti
590 Iradr-rRadrtr/Adrtm
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600 Iradrtpi=-Radrti/Radrtm
610 Tr--Radr/Radm
620 Ti=-Radi/Radxn
630 Dnr=1l+Radr
640 Dni=Radi
650 Dnm=Dnr*Dnr+Dni*Dni
660 Nmr=-Dnr/Dnm
670 Nmi=-Dni/Dn
680 Argr--Wr*Nmr-Wi*Nmi
690 Argi=Wr*Nmi+Wi*Nr
700 CALL Prinlogz(Argr,ArgiLgrLgi)
710 Etapr--Radr+Lgr
720 Etapi=Radi+Lgi
730 CALL Uk(TrTi,TrmsA(*),T(*),U(*))
740 Dumpr=0
750 Dumpi=0
760 Nufac=-Nup
770 FOR 1=1 TO Trms
780 Nufac-NufaclNup
790 Dumpr--DumpriU (1,1)*Nufac
800 Dumpi=Dumpi+U(I,2)*N tfac
810 NEXTI1
820 Sumr--Dunmr*Dumpr-Dumi*Dumpi
830 Sunmi=Dumr*Duznpi+Durni*Dumpr
840 Radsr-1radrtr~k1adrtprIradrti*1radrtpi
850 Radsi=Iradrtr*fradrti+Iradrti*hIrarpr
860 Dumprodr=-(Sumr*Radsr-Sumi*Radsi)/(2*SQR(Nu*Nup))
870 Dumprodi=(Sumr*Radsi+Sumi*Radsr)f(2*SQR(Nu*Nup))
880 Etargr--Nu*Etar-Nup*Etapr
890 Etargi=Nu*Etai-Nup*Etapi
900 E=EXP(Etargr)
910 Co=COS(Etargi)
920 Si=SIN(Etargi)
930 Ikprodr--E*(Dumprodr*~Co-Dumprodi*Si)
940 Ikprodi=E*(Dumprodr*Si+Dumprodi*Co)
950 Cfr--2*SIN((Nu-Nup)*PII2)/Pl
960 Cfi=-2*COS((Nu-Nup)*PI/)/PI
970 Prodr=1Ikprodr*Cfr-1kprodi*Cfi
980 Prodi=Ucprodr*Cfi+Ikprodli*Cfr
990 SUBEND

10 SUB Uk(Tr,Ti,K,A(*),T(*),Uk(*))
20 !Functions used in the uniform asymptotic expansion of the Bessel
30 !functions for large orders. A(*) is a matrix generated by the
40 !programn Ukcoefs. T(*) and Uk(*) are output to the uniform asymp-
50 !totic Bessel function routines.
60 T(1,1)=Tr
70 T(1,2)=Ti
80 FOR 1=2 TO 3*K
90 T(I, 1)=T(I- 1,1 )*Tr..T(k 1 ,2)*Ti
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100 T(I,2)=T(I- 1,1 )*Ti+T(I 1 ,2)*Tr
110 NEXTI1
120 Uk(1,1)=1
130 Uk(1,2)=0O
140 FOR1=2 TO K
150 FOR J=1TO I
160 Uk(I, 1)=Uk(I,1I)+AqJ)*T(2*J+I-3, 1)
170 Uk(I,2)=Uk(I,2)+A(IJ)*T(2*J+I-3,2)
180 NEXT J
190 NEXT I
200 SUBEND

10 SUB Ukcoefs(KA(*))
20 !K is the maximum index value. A(*) is output to Uk.
30 A(1,1)=1
40 FOR L=0O TO K-2
50 A(L+2, 1)=A(L+1, 1)*(L/2 1/8/(L+1))
60 A(L+2,L-s-)=-A(L+1 ,L+ 1)*(3*L/2+5/24/(L+1))
70 IF L>=1 THEN
80 FOR M=1 TO L
90 A(L+2,M+ 1)=A(L+1 ,M+ 1)*((L+2*M)t2+ 1/(8*(L+1 +2*M)))
100 A(L+2,M+ 1)=A(L+2,M+ 1)-A(L+1 M)*((L+2*(M 1 ))/2+5/(8*(L+ 1+2*M))
110 NEXT M
120 END IF
130 NEXT L
140 SUBEND
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